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Chapter 9

Solving Quadratic Equations and Graphing Parabolas
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Chapter 9 Solving Quadratic Equations and Graphing Parabolas

9.1 Extracting Square Roots

LEARNING OBJECTIVE

1. Solve quadratic equations by extracting square roots.

Extracting Square Roots

Recall that a quadratic equation is in standard form" if it is equal to 0:

ax* +bx+c=0

where a, b, and c are real numbers and a # 0. A solution to such an equation is
called a root®. Quadratic equations can have two real solutions, one real solution, or
no real solution. If the quadratic expression on the left factors, then we can solve it
by factoring. A review of the steps used to solve by factoring follow:

Step 1: Express the quadratic equation in standard form.

Step 2: Factor the quadratic expression.

Step 3: Apply the zero-product property and set each variable factor equal to 0.
Step 4: Solve the resulting linear equations.

For example, we can solve x> — 4 = 0 by factoring as follows:

¥’ —4=0

1. Any quadratic equation in the (x+ 2) (x— 2 )= 0

formax? + bx + ¢ = 0,

where a, b, and c are real x+2=0 or x-2=0
numbers and a # 0.

x=—2 x=2

2. A solution to a quadratic
equation in standard form.
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Chapter 9 Solving Quadratic Equations and Graphing Parabolas

3. For any real number k, if
x2 = k,thenx = i\/z.
4, Applying the square root

property as a means of solving
a quadratic equation.

9.1 Extracting Square Roots

The two solutions are -2 and 2. The goal in this section is to develop an alternative
method that can be used to easily solve equations where b = 0, giving the form

ax’+c=0

The equation x> — 4 = 0is in this form and can be solved by first isolating x2.

x’-4=0

x =4

If we take the square root of both sides of this equation, we obtain the following:

N

’x|=2

Here we see that x = —2 and x = 2 are solutions to the resulting equation. In
general, this describes the square root property’; for any real number k,

If x* =k, then x=t\/%

The notation “+” is read “plus or minus” and is used as compact notation that
indicates two solutions. Hence the statement x = +1/k indicates that x = —4/k or

X = \/; . Applying the square root property as a means of solving a quadratic
equation is called extracting the roots®.

Example 1: Solve: x> — 25 = 0.

Solution: Begin by isolating the square.
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Chapter 9 Solving Quadratic Equations and Graphing Parabolas

9.1 Extracting Square Roots

x*=-25=0
x> =25

Next, apply the square root property.

x> =25
x=i\/g
Fi=stH

Answer: The solutions are -5 and 5. The check is left to the reader.

Certainly, the previous example could have been solved just as easily by factoring.
However, it demonstrates a technique that can be used to solve equations in this
form that do not factor.

Example 2: Solve: x> — 5 = 0.

Solution: Notice that the quadratic expression on the left does not factor. We can

extract the roots if we first isolate the leading term, x2.

x*-5=0

x’=5

Apply the square root property.
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Chapter 9 Solving Quadratic Equations and Graphing Parabolas

For completeness, check that these two real solutions solve the original quadratic
equation. Generally, the check is optional.

Check x= —\/g Check x = \/g

x=5=0 x’=5=0

2 2
V/3) -5=0 «/5) =5=0
5-5=0 5-5=0

Answer: The solutions are —\/g and \/g .

Example 3: Solve: 4x% — 45 = 0.

Solution: Begin by isolating x2.

4x*—45=0
4x* =45
4t _4s

4 4
oot

4

Apply the square root property and then simplify.

9.1 Extracting Square Roots 1429



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

9.1 Extracting Square Roots

gt k)
4
\V9-5
x=%
N/
x=i£
2

. 34/5 34/5
Answer: The solutions are — T\/- and T\/-

Sometimes quadratic equations have no real solution.

Example 4: Solve: x> + 9 = 0.

Solution: Begin by isolating x2.

After applying the square root property, we are left with the square root of a
negative number. Therefore, there is no real solution to this equation.

Answer: No real solution

Reverse this process to find equations with given solutions of the form +k.
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Chapter 9 Solving Quadratic Equations and Graphing Parabolas

9.1 Extracting Square Roots

Example 5: Find an equation with solutions —24/3 and 2\/§ :

Solution: Begin by squaring both sides of the following equation:

Lastly, subtract 12 from both sides and present the equation in standard form.

Answer:x2 — 12 =0

Try this! Solve: 9x? — 8 = 0.
Answer: x = — —Oorx = —

Video Solution

(click to see video)

X = i2\/§

X =(£243 )2
¥t =4:3
=12

Consider solving the following equation:

(x+2) =25

To solve this equation by factoring, first square x + 2 and then put it in standard
form, equal to zero, by subtracting 25 from both sides.
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9.1 Extracting Square Roots

(x+2)° =25
x> +4x+4=25

X’ +4x+4-25=25-25
x*+4x—-21=0

Factor and then apply the zero-product property.

X +4x-21=0
(x+7)(x-3)=0

x+7=0 or x-3=0

x=-7 x=3

The two solutions are -7 and 3.

When an equation is in this form, we can obtain the solutions in fewer steps by
extracting the roots.

Example 6: Solve: (x + 2)> = 25.

Solution: Solve by extracting the roots.

(x+ 2)2 =23 Apply the square root property.
x+2=%25 Simplify.
x+2=15
x=-2=%5

At this point, separate the “plus or minus” into two equations and simplify each
individually.
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Chapter 9 Solving Quadratic Equations and Graphing Parabolas

x=-2-5 or x=-2+5

x=-7 x=3

Answer: The solutions are -7 and 3.

In addition to fewer steps, this method allows us to solve equations that do not
factor.

Example 7: Solve: (3x + 32 =27 =0.

Solution: Begin by isolating the square.

Gx+3) =27=0
Bx+3) =27

Next, extract the roots and simplify.

GBx+3)> =27
3x+3==%27
3x+3=%9-3

3x+3=433

Solve for x.

9.1 Extracting Square Roots 1433



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

3x+3= i3\/§ Subtract 3 on both sides.
3x=-3433 Divide both sides by 3.
-3+
3_x:3_—3\/§ Factor out a 3.
3 3
3(-1£43)
X=——— Cancel.
3
x=—-1% \/5

Answer: The solutions are —1 — \/§ and —1 + \/g

Example 8: Solve: 9(2x — 1> =8 =0.

Solution: Begin by isolating the square factor.

9(2x-1) -8=0
9(2x—1) =8

8

2x-1) ==

( ) 2

Apply the square root property and solve.

9.1 Extracting Square Roots 1434



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

8
2x-1) ==
( ) 5
2x—1=i\/g
9
dp1=+Y42
J9
2x:1i—2\/§
3
22 22
37 3
) 349./2
3
1 1 3+242
i dx=—
2 2 3
3422
X = 6

3-24/2 3424/2
Answer: The solutions are 6\/_ an 6\/_.

Try this! Solve: 3(x — 5)° =2 = 0.

15+1/6

3

Answer:

Video Solution

(click to see video)

Example 9: The length of a rectangle is twice its width. If the diagonal measures 2
feet, then find the dimensions of the rectangle.

9.1 Extracting Square Roots
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9.1 Extracting Square Roots

Solution:

7 5

2w

Let w represent the width.
Let 2w represent the length.

The diagonal of any rectangle forms two right triangles. Thus the Pythagorean

theorem applies. The sum of the squares of the legs of a right triangle is equal to the
square of the hypotenuse:

Solve.

(leg)2 + (leg)2 = hypotenuse ’
@w) + W) =)

Qw)’ +m’ =)

4w +w' =4
S5wh=4 Isolate w’".
S5wh 4
3 5
w’ :% Extract the roots.
w=%

<
I
=+

&JN IS
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9.1 Extracting Square Roots

Here we obtain two solutions, w = — % andw = % Since the problem asked for a

length of a rectangle, we disregard the negative answer. Furthermore, we will
rationalize the denominator and present our solutions without any radicals in the
denominator.

Rationalize the denominator.

Back substitute to find the length.

[=2w
25

_p| 282
5

_4s

5

Answer: The length of the rectangle is 45£ feet and the width is zsi feet.

KEY TAKEAWAYS

+ Solve equations of the form ax 2 4+c= Oby extracting the roots.

« Extracting roots involves isolating the square and then applying the
square root property. After applying the square root property, you have
two linear equations that each can be solved. Be sure to simplify all
radical expressions and rationalize the denominator if necessary.
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Chapter 9 Solving Quadratic Equations and Graphing Parabolas

TOPIC EXERCISES

Part A: Extracting Square Roots

Solve by factoring and then solve by extracting roots. Check answers.

1.x2 =36 =0
2.x2 —81 =0
3.492 =9 =0
1.9y2 —25=0

5.x—2)2-1=0
6.(x+ 12 —-4=0
7.4(y—-2)2-9=0
8.9(y+1)° —4=0
90.-3(t— 1 +12=0
10.-2(t+ 1% +8 =0
11.(x—5)2 -25=0
12.x+2)2-4=0
Solve by extracting the roots.
13.x2 =16

14.x% =1

9.1 Extracting Square Roots 1438
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9.1 Extracting Square Roots

15.y2 =9

16.y2 = 64
17.x% = ¢

18.x2 = 3

19.y%2 = 0.25
20.y% = 0.04
21.x% =12
22.x% =18
23.16x%2 =9
24.4x% = 25
25.2t> = 1
26.3t> =2
27.x2 — 100 = 0
28.x2 — 121 =0
20.y2 +4 =0
30.y2+1=0
3.2 =2 =0
32.x2% — % =0
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9.1 Extracting Square Roots

33.y2 —0.09 =0
34.y2 —0.81 =0
35.x2 —=7=0

36.x2—2=0

37.x2 -8 =0
38.12 — 18 =0
39.x2 +8 =0
40.x2 +125=0

41.16x%2 =27 =0

12.9x> -8 =0
3.2y -3=0
44.5y> =2 =0
45.3x> - 1=0
46.6x> =3 =0

7.(x+7)?>=4=0

8. (x+92-36=0

19.(2y=3)" =81=0

s0.(2y+1)° =25=0
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9.1 Extracting Square Roots

51.(x=5)°=20=0
52.(x + 1)2 =28 =0

53.(3t+2)> =6 =0

54.(3t—5)> =10 =0
s5.4(y+2)° -=3=0
56.9(y—7)° -=5=0
57.43x 4+ 1)2 =27 =0
58.9(2x — 3)> =8 =0
50.23x — 12> +3 =0
60.52x — 1)> =3 =0
a.3(y—-2)"-2=0

62.23y-1) -2 =0

Find a quadratic equation in standard form with the following solutions.

63. 7

64.+13

65.+1/7
66.£1/3

67. 13\/5
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Chapter 9 Solving Quadratic Equations and Graphing Parabolas

9.1 Extracting Square Roots

68.15\/5
69.1 £ \/5
70.2 + \/5

Solve and round off the solutions to the nearest hundredth.

7.9x(x +2) = 18x + 1

7262 =10 (x? =2) =5

73.x+3) (x—=7)=11 —4x

74.(x —4) (x —3) = 66 — Tx

75.(x —2)% = 67 — 4x

76.(x + 3)* = 6x + 59

7.2x+ 1) (x+3)— (x+7) = (x+3)?

78.3x—1) x+4)=2x(x+6) — (x=3)

Set up an algebraic equation and use it to solve the following.

79. If 9 is subtracted from 4 times the square of a number, then the result is

3. Find the number.

80. If 20 is subtracted from the square of a number, then the result is 4. Find

the number.

81.1f 1 is added to 3 times the square of a number, then the result is 2. Find

the number.

82.1f 3 is added to 2 times the square of a number, then the result is 12. Find

the number.

1442
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9.1 Extracting Square Roots

83. If a square has an area of 8 square centimeters, then find the length of
each side.

84. If a circle has an area of 327 square centimeters, then find the length of
the radius.

85. The volume of a right circular cone is 3677 cubic centimeters when the
height is 6 centimeters. Find the radius of the cone. (The volume of a right

circular cone is givenby V' = % xr’h.)

86. The surface area of a sphere is 757 square centimeters. Find the radius
of the sphere. (The surface area of a sphere is given by SA = Arr? )

87. The length of a rectangle is 6 times its width. If the area is 96 square
inches, then find the dimensions of the rectangle.

88. The base of a triangle is twice its height. If the area is 16 square
centimeters, then find the length of its base.

89. A square has an area of 36 square units. By what equal amount will the
sides have to be increased to create a square with double the given area?

90. A circle has an area of 257 square units. By what amount will the radius
have to be increased to create a circle with double the given area?

91. If the sides of a square measure 1 unit, then find the length of the
diagonal.

92. If the sides of a square measure 2 units, then find the length of the
diagonal.

93. The diagonal of a square measures 5 inches. Find the length of each side.
94. The diagonal of a square measures 3 inches. Find the length of each side.

95. The length of a rectangle is twice its width. If the diagonal measures 10
feet, then find the dimensions of the rectangle.

96. The length of a rectangle is twice its width. If the diagonal measures 8
feet, then find the dimensions of the rectangle.

1443



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

9.1 Extracting Square Roots

97. The length of a rectangle is 3 times its width. If the diagonal measures 5
meters, then find the dimensions of the rectangle.

98. The length of a rectangle is 3 times its width. If the diagonal measures 2
feet, then find the dimensions of the rectangle.

99. The height in feet of an object dropped from a 9-foot ladder is given by
h(t) = —16¢ 2 4 9, where t represents the time in seconds after the

object has been dropped. How long does it take the object to hit the ground?
(Hint: The height is 0 when the object hits the ground.)

100. The height in feet of an object dropped from a 20-foot platform is given
by h(t) = —16¢ 2 4 20, where t represents the time in seconds after the
object has been dropped. How long does it take the object to hit the ground?
101. The height in feet of an object dropped from the top of a 144-foot
building is given by h(t) = —16¢ 2 4144 , where t is measured in
seconds.

a. How long will it take to reach half of the distance to the ground, 72 feet?
b. How long will it take to travel the rest of the distance to the ground?

Round off to the nearest hundredth of a second.

102. The height in feet of an object dropped from an airplane at 1,600 feet is
given by h(t) = — 161> + 1,600, where t is in seconds.

a. How long will it take to reach half of the distance to the ground?

b. How long will it take to travel the rest of the distance to the ground?
Round off to the nearest hundredth of a second.

Part B: Discussion Board

103. Create an equation of your own that can be solved by extracting the
root. Share it, along with the solution, on the discussion board.
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Chapter 9 Solving Quadratic Equations and Graphing Parabolas

104. Explain why the technique of extracting roots greatly expands our
ability to solve quadratic equations.

105. Explain in your own words how to solve by extracting the roots.

106. Derive a formula for the diagonal of a square in terms of its sides.

9.1 Extracting Square Roots 1445
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ANSWERS

1:-6,6

7:1/2,7/2

11: 0, 10

13: +4

15: 13

17: +1/2

19: £0.5
21:152\/3-
23:+3/4

25: +
27: 10

29: No real solution

31:+2/3

33:+0.3

35:1\/7

9.1 Extracting Square Roots 1446
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37:

39:

41:

43:

45:

47:

49:

51:

53:

55:

57:

59:

61:

63:

65:

67:

69:

9.1 Extracting Square Roots

+24/2
No real solution

3v3
4

+

-+

No real solution

4134/2

6
x2-49=0
x2-7=0
x2-45=0
x2-2x—1=0
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9.1 Extracting Square Roots

71:

73:

75:

77:

79:

81:

83:

85:

87:

89:

91:

93:

95:

97.

99:

+0.33
+5.66
+7.94
+3.61

~V3ory/3

Vo

3

2\/ 2 centimeters

3 \/ 2 centimeters

Length: 24 inches; width: 4 inches
—6 4 61/2 & 2.49 units

\/ 5 units

5

— inches

Length: 4 \/ g feet; width: 2 \/ g feet

Length: @ meters; width: @ meters
3/4 second

101: a. 2.12 seconds; b. 0.88 second
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9.2 Completing the Square

LEARNING OBJECTIVE

1. Solve quadratic equations by completing the square.

Completing the Square

In this section, we will devise a method for rewriting any quadratic equation of the
form

2
ax”+bx+c=0

in the form

@-p'=q

This process is called completing the square’. As we have seen, quadratic
equations in this form can easily be solved by extracting roots. We begin by
examining perfect square trinomials:

()c+3)2=)c2 + 6x + 9
1 T
9

6Y 2
(oo

The last term, 9, is the square of one-half of the coefficient of x. In general, this is
true for any perfect square trinomial of the form x? + bx + c.

5. The process of rewriting a

quadratic equation in the form

(x-p)° =q
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2 2
ol | =at22- 2552
2 2 2
2
=x2+bx+[é)
2

In other words, any trinomial of the form x? + bx + ¢ will be a perfect square
trinomial if

Note

It is important to point out that the leading coefficient must be equal to 1 for
this to be true.

2
Example 1: Complete the square: x> + 8x + ? = (x + ?) .

Solution: In this example, the coefficient of the middle term b = 8, so find the value
that completes the square as follows:

The value that completes the square is 16.

9.2 Completing the Square 1450
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9.2 Completing the Square

X +8x+16=(x+4)(x+4)
= (x+4)

Answer: x> + 8x + 16 = (x + 4)2

2
Example 2: Complete the square: x> + 3x + ? = (x + ? ) .

Solution: Here b = 3, so find the value that will complete the square as follows:

.12 9 __ 3
Answer: x< + 3x + T = (x+ 5)2

We can use this technique to solve quadratic equations. The idea is to take any

quadratic equation in standard form and complete the square so that we can solve

it by extracting roots. The following are general steps for solving a quadratic

equation with a leading coefficient of 1 in standard form by completing the square.

1451



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

Example 3: Solve by completing the square: x> 4+ 14x + 46 = 0.
Solution:

Step 1: Add or subtract the constant term to obtain the equation in the form
x2 4+ bx = c.Inthis example, subtract 46 to move it to the right side of the
equation.

X' +14x+46=0
x> +14x =46
Step 2: Use (%)2 to determine the value that completes the square. Here b = 14:
2

b 14\’ 2
) -(3) -0"=

Step 3: Add (%)2 to both sides of the equation and complete the square.

x*+14x  =-46
x° +14x+49=—46+49
(x+7)(x+7)=3

(x+7) =3
Step 4: Solve by extracting roots.
(x+7) =3
x+7=+3

x=—7i\/§

9.2 Completing the Square 1452
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9.2 Completing the Square

Answer: The solutions are —7 — \/3—’ or =7 + /3. The check is optional.

Example 4: Solve by completing the square: x> — 18x + 72 = 0.

Solution: Begin by subtracting 72 from both sides.

x> -18x+72=0
x* —18x =472

Next, find the value that completes the square using b = -18.

2

(3o

To complete the square, add 81 to both sides, complete the square, and then solve

by extracting the roots.

¥-18x =-72 Complete the square.
x* —18x+81=-72+81
(x-9)(x-9)=9
(x— 9)2 =9 Extract the roots.

x—9:iJ§
x—9=43
x=9%3

At this point, separate the “plus or minus” into two equations and solve each.
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9.2 Completing the Square

x=9-3 or x=9+3

x=6 x=12

Answer: The solutions are 6 and 12.

Note that in the previous example the solutions are integers. If this is the case, then

the original equation will factor.

x*=18x+72=0
(x-6)(x-12)=0

If it factors, we can solve it by factoring. However, not all quadratic equations will

factor.

Example 5: Solve by completing the square: x> 4+ 10x + 1 = 0.

Solution: Begin by subtracting 1 from both sides of the equation.

X +10x+1=0

2 +10x =-1

Here b = 10, and we determine the value that completes the square as follows:

2

-1
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9.2 Completing the Square

To complete the square, add 25 to both sides of the equation.

x*+10x =-1
x> +10x+25=-1+25
x*+10x+25=24

Factor and then solve by extracting roots.

x* +10x+25=24
(x+5)(x+5)=24

(x+5) =24
x+5=124
x+5=126

x=-5+2./6

Answer: The solutions are —5 — 24/6 and —5 + 2\/8.

Sometimes quadratic equations do not have real solutions.

Example 6: Solve by completing the square: x> — 2x + 3 = 0.

Solution: Begin by subtracting 3 from both sides of the equation.

X =2x+3=0

x*=2x =-3
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Chapter 9 Solving Quadratic Equations and Graphing Parabolas

Here b = -2, and we have

Therefore,

xX>=2x =-3
w2 =2x+1=-3+1
(x—1) =-2

At this point we see that extracting the root leads to the square root of a negative
number.

Answer: No real solution

Try this! Solve by completing the square: x> — 2x — 27 = 0.
Answer:x = 1 + 2\/7

Video Solution

(click to see video)

The coefficient of x is not always divisible by 2.

9.2 Completing the Square 1456
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Example 7: Solve by completing the square: x> 4+ 3x — 2 = 0.

Solution: Begin by adding 2 to both sides.

X +3x-2=0

x* +3x =2

Use b = 3 to find the value that completes the square:

To complete the square, add 9/4 to both sides of the equation.

X +3x =2

xz+3x+%=2+2

3 3 8 9
X+= | x+= E—+=
3 2 4 4

3V 17

x+=| =—

9 4

Solve by extracting roots.

9.2 Completing the Square 1457
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x+é=i L7
4
x+i:ii
2

x=—24 M7

2

3+417
x= >

17

Answer: The solutions are 5

So far, all of the examples have had a leading coefficient of 1. The formula (%)2
determines the value that completes the square only if the leading coefficient is 1. If
this is not the case, then simply divide both sides by the leading coefficient.

Example 8: Solve by completing the square: 2x> 4+ 5x — 1 = 0.

Solution: Notice that the leading coefficient is 2. Therefore, divide both sides by 2
before beginning the steps required to solve by completing the square.

2x* +5x-1 _0

2 2

2 5 1
2 2 2

x’ +§x—l:0
2
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Begin by adding 1/2 to both sides of the equation.

x2+§x—l:0
2 2

P+l =1
2 2

2

BRCR TR

, 5 1
X +—x =—
9 2
, 5 25 1 25
X+ xt+t =t
2716 2 1

Next, solve by extracting roots.
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x+£:i ﬁ
16
x+§:i£
4 -
5 33
X=——=Ft—
4
x_—SJ_r\/§
4

—5+\/§

Answer: The solutions are 7

Try this! Solve: 2x2 — 2x — 3 = 0.

liﬁ

2

Answer: x =

Video Solution

(click to see video)

KEY TAKEAWAYS

+ Solve any quadratic equation by completing the square.
¢ You can apply the square root property to solve an equation if you can

2
first convert the equation to the form (x - p) = q.
+ To complete the square, first make sure the equation is in the form
2
X = + bx = c.Then add the value ( % ) to both sides and factor.

« The process for completing the square always works, but it may lead to
some tedious calculations with fractions. This is the case when the
middle term, b, is not divisible by 2.
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TOPIC EXERCISES

Part A: Completing the Square

9.2 Completing the Square

Complete the square.

Lx2+6x+ ? = (x+

N

3.x2 =2x+ ? = (x—

W~

(S}

8.x2+%x+ ? =(x+ ?)2
9.x2+%x+ ? =(x+ ?)2

1o.x2+%x+ ? =(x+ ?)2

Solve by factoring and then solve by completing the square. Check answers.

11.x24+2x—8=0
12.x2 =8+ 15=0

13.y2 +2y—-24=0

X248+ ? = (x+

X2 —dx+ 7 = (x—

X2 4+Tx+ 2 = (x+
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14.y2 =12y + 11 =0
1512 +3t—28=0
16.> =7t +10=0
17.2x2 +3x—2 =0
18.3x2 —x—=2=0
19.2y2 =y —-1=0
20.2y2 +Ty—4=0
Solve by completing the square.
21.x2 +6x—1=0
22.x% +8x+ 10 = 0
23.x°2 —=2x—=T7=0
24.x> —6x—3 =0
25.x2 =2x+4=0
26.x> —4x+9 =0
2.2 + 10t =75 =0
28.17 + 12t — 108 = 0
20.x2 —4x—1=15
30.x2 — 12x + 8 = —10

31.y2 — 20y = =25
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9.2 Completing the Square

32.y2 4+ 18y = =53
33.x2 —0.6x— 027 =0

34.x2 —1.6x—08=0

2 2.1
35. X 2x—:=0

2 _ 4 1
36. X X ;—O

37.x2+x—-1=0
38.x24+x—-3=0
30.y2 43y —2=0

20.y> +5y-3=0

s1.x2 +3x+5=0
2.x>+x+1=0
43.x2—7x+% =0
44.x2—9x+%=0
45.t2—§t—1:0

6.1 —L1—-2=0

47.x2 = 1.7x — 0.0875 =0
48.x2 +33x-12775=0

49.4x2 - 8x—-1=0
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9.2 Completing the Square

50.2x%2 —4x -3 =0

5.3x2 +6x+1 =0
52.5x2 + 10x+2 =0
53.3x2 +2x -3 =0
5.5x2 +2x - 5=0

55.4x2 — 12x—15=0
56.2x2 +4x — 43 =0

57.2x%2 —4x+ 10 =0

58.6x%2 —24x+42 =0

50.2x2 —x—=2=0

60.2x> +3x—1=0

61.3x2 +2x—-2=0

62.3x2 —x—1=0
3.x(x+1)—11x—2)=0
64.(x+1) x+7)—4Bx+2)=0
65.y% = (2y+3) (y—l)—2(y—1)
66.(2y+5) (y—5)—y(y—8)=—24
67.(t +2 =33t + 1)

68.3t+2)(t—4)— t—8)=1-10¢
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9.2 Completing the Square

Solve by completing the square and round off the solutions to the nearest hundredth.

69.(2x — 1) = 2x

70.(3x — 2)2 =5 — 15x

7.2x+ 1) Bx+1)=9x+4
72.3x+1) 4x—-1)=17x -4
73.9x(x—1)—2Q2x — 1) = —4x
7. (6x+1)° =6 (6x+1) =0
Part B: Discussion Board

75. Research and discuss the Hindu method for completing the square.

76. Explain why the technique for completing the square described in this
section requires that the leading coefficient be equal to 1.
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ANSWERS

Lx2+6x+9= (x+ 3)2
2x2 —2x+1= (x— 1)2
5:x2+7x+% = (x+ %)2

7:x2+%x+

O|—

11: -4, 2
13:-6, 4
15:-7, 4
17:1/2, -2
19:-1/2,1

21: —3 + 10

23:1 +24/2
25: No real solution

27:-15,5
29:2 + 24/5

31:10 + 54/3

33:-0.3, 0.9
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9.2 Completing the Square

35:

37:

39:

41:

43:

45;

47:

49:

51:

53:

55:

57:

59:

61:

63:

65:

No real solution

7434/3

2

No real solution

1+4/17
4

_liﬁ

3

5+ \/5
1£4/5

2
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67:

Si\/ﬁ
2

69:0.19, 1.31
71:-0.45,1.12

73:0.33, 0.67

9.2 Completing the Square
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9.3 Quadratic Formula

LEARNING OBJECTIVE

1. Solve quadratic equations with real solutions using the quadratic
formula.

The Quadratic Formula

In this section, we will develop a formula that gives the solutions to any quadratic
equation in standard form. To do this, we begin with a general quadratic equation
in standard form and solve for x by completing the square. Here a, b, and c are real
numbers and a # O

ax*+bx+c=0

2
a +bxtc 0 piide both sides by a.

a a
, b c c .
X +—x+—=0 Subtract — from both sides.
a a a
, b &
X'+—x =—
a a

Determine the constant that completes the square: take the coefficient of x, divide it
by 2, and then square it.

2

bla\' _(BY _ b
) -(z) e

Add this to both sides of the equation and factor.
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6. The formula

x = VI e
gives the solutions to any
quadratic equation in the form
ax? + bx + ¢ = 0, where q,
b, and c are real numbers and

a#0.

9.3 Quadratic Formula

Solve by extracting roots.

b Y b*—4ac
x+— | = .
2a 4q
2
x+i:i b” —4ac
2a 4a*
2
+i:i b” —4ac
2a 2a
2
. —ii b —4ac
2a 2a
_—bi\/b2—4ac
2a

This derivation gives us a formula that solves any quadratic equation in standard
form. Given ax? + bx + ¢ = 0, where a, b, and ¢ are real numbers and a # 0, then

the solutions can be calculated using the quadratic formula®:

X

2a

Consider the quadratic equation 2x> — 7x + 3 = 0.1t can be solved by factoring as

follows:
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9.3 Quadratic Formula

2x* =T7x+3=0
2x-1)(x-3)=0

2x-1=0 or x-3=0

2x =1 x=3
1

xX=—
2

The solutions are 1/2 and 3. The following example shows that we can obtain the
same results using the quadratic formula.

Example 1: Solve using the quadratic formula: 2x> — 7x + 3 = 0.

Solution: Begin by identifying a, b, and c as the coefficients of each term.

a=2 b=—7 C=3

Substitute these values into the quadratic formula and then simplify.

_ —bx/b’ —dac

2a
_—EDEED 40 0)
20)
_ 7149-24

4
_7+425

4
5

X

g
H

-h ‘
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Separate the “plus or minus” into two equations and simplify each individually.

7-5 T+5

X=—— of x=——
4 4

2 12
x=— x=—

4 4
le x=3

2

Answer: The solutions are 1/2 and 3.

Of course, if the quadratic factors, then it is a best practice to solve it by factoring.
However, not all quadratic polynomials factor; nevertheless, the quadratic formula
provides us with a means to solve such equations.

Example 2: Solve using the quadratic formula: 5x% + 2x — 1 = 0.

Solution: Begin by identifying a, b, and c.

Substitute these values into the quadratic formula.
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9.3 Quadratic Formula

-b++/b* -4ac
2a
—(2) =) =4(5) (-1)
2(5)

244420

10
=32 £]24
10
246
10

—2+2J6

10
2(-1+/6)
-

—li\/g

5

G

5

Answer: The solutions are

Often terms are missing. When this is the case, use 0 as the coefficient.

Example 3: Solve using the quadratic formula: x> — 18 = 0.

Solution: Think of this equation with the following coefficients:

Ix* +0x-18=0

Here
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a=1 b=0 c=-18

Substitute these values into the quadratic formula.

_ —b++b* —4dac

B 2a

—(O)£4(0) —4(1)(-18)
- 2(1)
=OJ_r\/O+72

2
w72
2
4362

2

4632
2
=432

X

Answer: The solutions are +3 \/5

Since the coefficient of x was 0, we could have solved the equation by extracting the
roots. As an exercise, solve the previous example using this method and verify that
the results are the same.

Example 4: Solve using the quadratic formula: 9x% — 12x + 4 = 0.

Solution: In this case,
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Substitute these values into the quadratic formula and then simplify.

_ —b+~b* —4ac

x 2a
- (1) 12) -4(9) (4)
- 2(9)
1244144144
- 18
12440
T
12
18
-
3

In this example, notice that the radicand of the square root is 0. This results in only
one solution to this quadratic equation. Normally, we expect two solutions. When
we find only one solution, the solution is called a double root. If we solve this
equation by factoring, then the solution appears twice.

9x* -12x+4=0
(3x-2)(3x-2)=0

3x-2=0 or 3x-2=0
3x

X

[\

3x =

|
]

X =

I
w2
W

Answer: 2/3, double root
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Example 5: Solve using the quadratic formula: x> + x + 1 = 0.

Solution: In this case,

Substitute these values into the quadratic formula.

_ —b+b* —4dac

2a
()Y -4(1)(1)
- 2(1)
_ 1414

2
s V)

2

X

The solution involves the square root of a negative number; hence the solutions are
not real. This quadratic equation has two nonreal solutions and will be discussed in
further detail as we continue in our study of algebra. For now, simply state that the
equation does not have real solutions.

Answer: No real solutions

Try this! Solve: x> — 2x — 2 = 0.
Answer: 1 + \/§

Video Solution

(click to see video)
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9.3 Quadratic Formula

It is important to place the quadratic equation in standard form before using the

quadratic formula.

Example 6: Solve using the quadratic formula: (2x + 1) (2x — 1) = 24x + 8.

Solution: Begin by using the distributive property to expand the left side and
combining like terms to obtain an equation in standard form, equal to 0.

(2x+1)2x—1)=24x+8
x> —2x+2x—1=24x+8
4x* —1=24x+8

4x* —24x-9=0

Once the equation is in standard form, identify a, b, and c. Here

a=4 b=-24 c=-9

Substitute these values into the quadratic formula and then simplify.
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9.3 Quadratic Formula

_ —b+~b* —4ac

2a

X

_ -4 \/ (24)° —4(4) (-9)

24

2444576+ 144

8
_24%720

8
_24+./144.5
8
_24+1245
8

12(2£45)
:T

3(2+4/5)
T2

or

6+34/5
Answer: The solutions are T\/_

Try this! Solve: 3x (x — 2) = 1.

3+24/3

3

Answer:

Video Solution

(click to see video)
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KEY TAKEAWAYS

+ Use the quadratic formula to solve any quadratic equation in standard
form.
+ To solve any quadratic equation, first rewrite in standard form,

ax? +bx+c = 0, substitute the appropriate coefficients into the

—b+ Vb2 —4ac

o , and then simplify.

quadratic formula, x =

9.3 Quadratic Formula 1479
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TOPIC EXERCISES

Part A: Quadratic Formula

Identify the coefficients a, b, and c used in the quadratic formula. Do not solve.
2 —

1.x“=x+5=0

2.x2=3x—-1=0

3.3x2 - 10=0
.-y +5=0
5.5t =7t =0
6.—y2 +y=0

7.—x% +x=—6
Bn=Dx 2=l — =15
90.3x+1) (2x+5) =19x+4

10.(4x+1) Qx+ 1) = 16x+4

Solve by factoring and then solve using the quadratic formula. Check answers.

1.x2 —10x +24 =0
122 =3x—18 =0
13.2+6t+5=0
14.2 +9t+14 =0

15.2x2 —7x -4 =0
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16.3x2 =x—=2=0
17.=2x%2 —x+3=0
18.—6x2 +x+1=0
19.y2 =2y4+1=0
20.y2 —1=0

Use the quadratic formula to solve the following.
21.x> —6x+4 =0
22.x2 —4x+1=0
23.x2 +2x—-5=0
24.x2 +4x—6=0
25.82 —4t—-1=0
26.1> —8t—2=0
27.—y2 +y+1=0
28.—y2 =3y+2=0
20.—x% + 16x— 62 =10
30.—x2 + 14x— 46 =0
31.2t2 =4t -3 =0
324> =8t —1=0

33.—4y2 + 12y -9 =0
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34.-25x2 +10x—1 =0
35.3x% + 6x+2 =0
36.5x2 +10x+2=0
37.9t2 + 6t — 11 = 0
38.812 + 8t+1 =0
39.x2 =2 =0

20.x2 - 18 =0
11.9x2 -3=0
2.2x2 -5=0

3.2 4+9=0

1.2 +1=0

45.2x%2 =0

47.-2y> + 5y =0
18.-3y2 +7y =0

9.1 -t =0

50.1> +2t =0

51.x2 —0.6x — 027 =0

52.x2 — 1.6x—0.8=0
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9.3 Quadratic Formula

53.y2 — 1.4y — 0.15=0
54.y2 —3.6y+2.03=0
5.0 +5t+ 2 =0

s6.—1> +3t— 2 =0

59.2x2 — 10x + 3 = 4

60.3x> +6x+1 =8
61.—2y> =3(y — 1)

62.3y% = 52y — 1)

63.(t+ 1% =2t +7

64.2t — 1)* =73 — 4t
65.(x+5) x—-1=2x+1
66.(x+7) (x—2)=3x+1)
67.x(x+5) =3(x—-1)
68.x(x+4)=-7

69. (5x+3) (5x—3) —10x—-1)=0

70.(3x+4) Bx—1) —33x = -20
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9.3 Quadratic Formula

.27y (y+1) +2(3y-2) =0

72.8 (4> +3) =3 (28y—1) =0

B3.x+2)? -2+ =4(x+1)

74.(x+3) =10 (x+5) = 2@+ 1)

Part B: Discussion Board

75. When talking about a quadratic equation in standard form,

ax? + bx + ¢ = 0, why is it necessary to state that @ # 0? What

happens if a is equal to 07

76. Research and discuss the history of the quadratic formula and solutions
to quadratic equations.
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ANSWERS

ta=1b=—1,andc =5
3:a=3b=0,andc = —10
5:0 =5b=—7,andc =0
72a = —1,b=1,andc = 6
9:a=6b=-2,andc =1
11:4,6

13:-5,-1

15:-1/2, 4

17:-3/2,1

19: 1, double root
21:3 + \/ 5
23:—1 + 6

25:2 + \/g

27:

29:81\/5

31:

33:3/2, double root
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9.3 Quadratic Formula

35:

37:

39:

41:

43:

45;

47:

49:

51:

53:

55:

57:

59:

61:

63:

65:

67:

=

-+

3

No real solutions
0, double root
0,5/2

0,1

No real solutions
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69: 1/5, double root

71:-4/3,1/9

73:11\/E
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9.4 Guidelines for Solving Quadratic Equations and Applications

7. The expression inside the
radical of the quadratic

formula, b2 — 4ac.

LEARNING OBJECTIVES

1. Use the discriminant to determine the number and type of solutions to
any quadratic equation.

2. Develop a general strategy for solving quadratic equations.

3. Solve applications involving quadratic equations.

Discriminant

If given a quadratic equation in standard form, ax® + bx + ¢ = 0, where a, b, and ¢
are real numbers and a # 0, then the solutions can be calculated using the
quadratic formula:

—bx=~\b* -4ac

2a

X =

The solutions are rational, irrational, or not real. We can determine the type and
number of solutions by studying the discriminant’, the expression inside the

radical, b> — 4ac. If the value of this expression is negative, then the equation has
no real solutions. If the discriminant is positive, then we have two real solutions.
And if the discriminant is 0, then we have one real solution.

Example 1: Determine the type and number of solutions: x> — 10x 4+ 30 = 0.

Solution: We begin by identifying a, b, and c. Here

a=1 b=-10 c=30

Substitute these values into the discriminant and simplify.
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b’ —dac = (=10)" —4(1)(30)
=100-120
=-20

Since the discriminant is negative, we conclude that there are no real solutions.

Answer: No real solution

If we use the quadratic formula in the previous example, we find that a negative
radicand stops the process of simplification and shows that there is no real solution.

_ —bE+b* —4ac

2a
_—(-10)£+/-20
2D
_ 10++-20
2

X

No real solution

Note

We will study quadratic equations with no real solutions as we progress in our
study of algebra.

Example 2: Determine the type and number of solutions: 7x> — 10x + 1 = 0.

Solution: Here
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Substitute these values into the discriminant:

b* —dac = (-10)* —4(7) (1)
=100-28
=72

Since the discriminant is positive, we can conclude that there are two real solutions.

Answer: Two real solutions

If we use the quadratic formula in the previous example, we find that a positive
radicand in the quadratic formula leads to two real solutions.

_ —b b —4ac

X
2a
—(-10)+
= 19 \/7_2 Positive discriminant
2(7)
=10i\/36'2
14
_10£6v2

14
Z(6+32)
-

b
532
7

Two real solutions
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The two real solutions are iﬁ and ﬁ Note that these solutions are irrational;

we can approximate the values on a calculator.

32001 and 32 <132

7

Example 3: Determine the type and number of solutions: 2x> — 7x — 4 = 0.

Solution: In this example,

Substitute these values into the discriminant and simplify.

b’ —4ac=(-7)" —4(2) (4)
=49+32
=31

Since the discriminant is positive, we conclude that there are two real solutions.
Furthermore, since the discriminant is a perfect square, we obtain two rational
solutions.

Answer: Two real solutions

We could solve the previous quadratic equation using the quadratic formula as
follows:
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bt P dac

X
2a
—(=7) £+81
2(2)
19
4
7-9 7+9
X=—— or xX=—
4 4
-2 16
X=— X =—
4 4
x=—l x=4
2

Note that if the discriminant is a perfect square, then we could have factored the
original equation.

2x° = Tx-4=0
2x+1)(x-4)=0

2x+1=0 or x-4=0

2x =-1 x=4
1

X=—-—
2

Given the special condition where the discriminant is 0, we obtain only one
solution, a double root.

Example 4: Determine the type and number of solutions: 9x> — 6x + 1 = 0.

Solution: Herea = 9,b = —6, and ¢ = 1, and we have

9.4 Guidelines for Solving Quadratic Equations and Applications 1492



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

b —4ac = (-6)" —4(9)(1)
=36-36
=0

Since the discriminant is 0, we conclude that there is only one real solution, a
double root.

Answer: One real solution

Since 0 is a perfect square, we can solve the equation above by factoring.

Ox* —6x+1=0
Bx-1)(3x-1)=0

3x-1=0 or 3x-1=0

Ix=1 3x=1
1 1
X =— X=—
3 3

Here 1/3 is a solution that occurs twice; it is a double root.

In summary, if given any quadratic equation in standard form, ax? + bx + ¢ = 0,
where a, b, and c are real numbers and a # 0, then we have the following:

Positive discriminant: b2 — 4ac > (| Two real solutions

Zero discriminant: b2 — 4ac = (| One real solution

Negative discriminant: b2 — 4ac < Q| No real solution

As we will see, knowing the number and type of solutions ahead of time helps us
determine which method is best for solving a quadratic equation.
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Try this! Determine the number and type of solutions: 3x> — 5x + 4 = 0.
Answer: No real solution

Video Solution

(click to see video)
General Guidelines for Solving Quadratic Equations

Use the coefficients of a quadratic equation to help decide which method is most
appropriate for solving it. While the quadratic formula always works, it is
sometimes not the most efficient method. Given any quadratic equation in standard
form, ax? + bx 4+ ¢ = 0, general guidelines for determining the method for
solving it follow:

1. If ¢ =0, then factor out the GCF and solve by factoring.
2. 1f b =0, then solve by extracting the roots.

3. If a, b, and c are all nonzero, then determine the value for the
discriminant, b* — dac

a. If the discriminant is a perfect square, then solve by factoring.

b. If the discriminant is not a perfect square, then solve using the
quadratic formula.

a. If the discriminant is positive, we obtain two real solutions.
b. If the discriminant is negative, then there is no real solution.

Example 5: Solve: 15x% — 5x = 0.

Solution: In this case, ¢ = 0 and we can solve by factoring out the GCF.
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15x* =5x =0
5x(3x-1)=0

5x=0 or 3x-1=0
x=0 3x =1

X =

1
3

Answer: The solutions are 0 and 1/3.

Example 6: Solve: 3x> — 5 = 0.

Solution: In this case, b = 0 and we can solve by extracting the roots.

3x*-5=0
3x* =5
x’ =§ Apply the square root property.

Rationalize the denominator.

=
Il
I+

Sl

=
Il
H+

w‘él ®|& W | W

1

Answer: The solutions are + —.

E

Example 7: Solve: 9x? — 6x — 7 = 0.
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Solution: Begin by identifying a, b, and c as the coefficients of each term. Here

a=9 b=-6 c=-7

Substitute these values into the discriminant and then simplify.

b* —4ac = (=6)’ —4(9) (=7)
—36+252
— 288

Since the discriminant is positive and not a perfect square, use the quadratic

formula and expect two real solutions.

_ —b+Ab* —4ac

2a

—(-6) £+/288

T 209
_6%4/144-2
18

_6+12{2
18

(1£242)
_1£22

3

X

1£24/2

3

Answer: The solutions are

9.4 Guidelines for Solving Quadratic Equations and Applications
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Example 8: Solve: 4x (x — 2) = —7.

Solution: Begin by rewriting the quadratic equation in standard form.

4x(x-2)=-7
4x* —8x=-7
4x* —8x+7=0

Here

Substitute these values into the discriminant and then simplify.

b —dac=(=8)’ =4 4)(7)
=64-112
— 48

Since the discriminant is negative, the solutions are not real numbers.

Answer: No real solution

Example 9: Solve: (3x + 5) Bx+7) =6x+ 10.

Solution: Begin by rewriting the quadratic equation in standard form.

9.4 Guidelines for Solving Quadratic Equations and Applications
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(3x+5)(3x+7)=6x+10
9x” +21x+15x+35=6x+10
9x> +36x+35=6x+10

9x” +30x+25=0

Substitute a =9, b = 30, and ¢ = 25 into the discriminant.

b’ —dac = (30)" —4(9) (25)
=900—-900
=0

Since the discriminant is 0, solve by factoring and expect one real solution, a double
root.

9x* +30x+25=0
(3x+5)(3x+5)=0

3x+5=0 or 3x+5=0

3x=-5 3x=-5
5 5
X=—-— X=—-——
3 3

Answer: The solution is -5/3.

Try this! Solve: 5x2 + 2x — 7 = 2x — 3.

24/5
Answer: + T\/_
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Video Solution

(click to see video)
Applications Involving Quadratic Equations

In this section, the algebraic setups usually consist of a quadratic equation where
the solutions may not be integers.

Example 10: The height of a triangle is 2 inches less than twice the length of its
base. If the total area of the triangle is 11 square inches, then find the lengths of the
base and height. Round answers to the nearest hundredth.

Solution:

)

X

Let x represent the length of the base of the triangle.

twice the base 2 inches less than
——

2% ~ 2

Let 2x -2 represent the height of the triangle.

Use the formula A = J Dhand the fact that the area is 11 square inches to set up an
algebraic equation.
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To rewrite this quadratic equation in standard form, first distribute % X

1
1l=—x2x-2
5 ( )

11=x*-x

0=x’—x—11

Use the coefficients, a=1, b =-1, and ¢ = -11, to determine the type of solutions.

b —dac = (-1)" —4(1) (-11)
=1+44
=45

Since the discriminant is positive, expect two real solutions.

_ —b++b* —4ac

* 2a
(=D xV45
C2(1)

RENCES

2
14345
2

In this problem, disregard the negative solution and consider only the positive
solution.

1+3\/§
X =

2

Back substitute to find the height.

9.4 Guidelines for Solving Quadratic Equations and Applications
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height =2x—-2
L[5,
2
=1+3V5-2
=—1+35
Answer: The base measures %‘ﬁ ~ 3.85inches and the height is

—1 4+ 34/5 ~ 5.71inches.

Example 11: The sum of the squares of two consecutive positive integers is 481.
Find the integers.

Solution:

Let n represent the first positive integer.

Let n+1 represent the next positive integer.

The algebraic setup follows:

The sum of the squares of...

...is 481
o+ (n+lY = 481

Rewrite the quadratic equation in standard form.
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n*+n*+2n+1=481
2n* +2n—480=0 Factor out the GCF.
2" +n—240)=0  Divide both sides by 2.

2(n* +n-240)

pi 2
n+n-240=0

When the coefficients are large, sometimes it is less work to use the quadratic
formula instead of trying to factor it. In this case,a = 1,b = 1, and ¢ = —240.
Substitute into the quadratic formula and then simplify.

_ —b++b* —4dac

n
2a
—()£4J(1)* ~4(1)(-240)
- 2(1)
_ —1£1+960
2
_ —1+4/961
2
_ —1431
2
—-1-31 —1+31
n= or n=
2 2
=32 30
h=—— fi=—
2 2
n=-16 n=15

Since the problem calls for positive integers, disregard the negative solution and
choose n = 15.

n+l=15+1
=16
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Answer: The positive integers are 15 and 16.

KEY TAKEAWAYS

« Determine the number and type of solutions to any quadratic equation

in standard form using the discriminant, b* — 4ac. 1f the discriminant
is negative, then the solutions are not real. If the discriminant is
positive, then the solutions are real. If the discriminant is 0, then there
is only one solution, a double root.

« Choose the appropriate method for solving a quadratic equation based
on the value of its discriminant. While the quadratic formula will solve
any quadratic equation, it may not be the most efficient method.

« When solving applications, use the key words and phrases to set up an
algebraic equation that models the problem. In this section, the setup
typically involves a quadratic equation.
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TOPIC EXERCISES

Part A: Using the Discriminant

Calculate the discriminant and use it to determine the number and type of solutions.
Do not solve.

1.x2+2x+3=0
2.x2 =2x=3=0
3.3x2 - 1x=2=0

4.3x2 - 1x+2=0

5992 +2 =0
6.9y2 =2 =0
7.5x2 4+ x=0

8.5x2 —x=0
2 _
9.2x“=2x+2=0

1 4-2

10. 2 X~ —Xx — 0

7
11.—x2 —2x+4=0
12.—x%2 —4x+2=0
13.4t2 =20t +25=0

14.972 —6t+1=0

Part B: Solving
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Choose the appropriate method to solve the following.
15.x2 =2x—=3=0
16.x>+2x+3=0

17.3x2 = x=2=0

18.3x2 —x+2=0

19.9y2 +2 =0

20.9y2 —2 =0

21.5x2 +x=0

22.5x> —x =0

23.§x2—2x+%=0
24.2x"—x—3=0
25.—x2 —2x+4=0
26.—x2 —4x+2=0
27.41> =20t +25=0
28.9t> —6t+1=0
20.y2 —4y—1=0
30.y2 —6y—3=0
31.25x2 +1 =0

32.36x2 +4 =0
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33.5¢2 —4 =0

34,212 —9 = ()

36.3x2 +Lx -1 =0
37.36y% = 2y
38.50y% = —10y

39.x (x —6) = —29
40.x(x —4) = —16

41. 4y (y+1) =
42.2y (y+2) =3
43.-3x%2 =2x+1
44.3x% + 4x = =2
45.6(x+ 1)? = 11x+7
46.2(x +2)* = Tx + 11
47.9¢ =43r—1)
48.51 (5t — 6) = =9
9.x+1) x+7)=3
50. (x—5) x+7) =14

Part C: Applications
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Set up an algebraic equation and use it to solve the following.
Number Problems

51. A positive real number is 2 less than another. When 4 times the larger is
added to the square of the smaller, the result is 49. Find the numbers.

52. A positive real number is 1 more than another. When twice the smaller is
subtracted from the square of the larger, the result is 4. Find the numbers.

53. A positive real number is 6 less than another. If the sum of the squares of
the two numbers is 38, then find the numbers.

54, A positive real number is 1 more than twice another. If 4 times the
smaller number is subtracted from the square of the larger, then the result
is 21. Find the numbers.

Geometry Problems
Round off your answers to the nearest hundredth.

55. The area of a rectangle is 60 square inches. If the length is 3 times the
width, then find the dimensions of the rectangle.

56. The area of a rectangle is 6 square feet. If the length is 2 feet more than
the width, then find the dimensions of the rectangle.

57. The area of a rectangle is 27 square meters. If the length is 6 meters less
than 3 times the width, then find the dimensions of the rectangle.

58. The area of a triangle is 48 square inches. If the base is 2 times the height,
then find the length of the base.

59. The area of a triangle is 14 square feet. If the base is 4 feet more than 2
times the height, then find the length of the base and the height.

60. The area of a triangle is 8 square meters. If the base is 4 meters less than
the height, then find the length of the base and the height.

61. The perimeter of a rectangle is 54 centimeters and the area is 180 square
centimeters. Find the dimensions of the rectangle.
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62. The perimeter of a rectangle is 50 inches and the area is 126 square
inches. Find the dimensions of the rectangle.

63. George maintains a successful 6-meter-by-8-meter garden. Next season
he plans on doubling the planting area by increasing the width and height
by an equal amount. By how much must he increase the length and width?

64. A uniform brick border is to be constructed around a 6-foot-by-8-foot
garden. If the total area of the garden, including the border, is to be 100
square feet, then find the width of the brick border.

Pythagorean Theorem

65. If the sides of a square measure 10\/ 6 units, then find the length of the
diagonal.

66. If the diagonal of a square measures 3 \/ E units, then find the length
of each side.

67. The diagonal of a rectangle measures 6 \/ 3 inches. If the width is 4
inches less than the length, then find the dimensions of the rectangle.

68. The diagonal of a rectangle measures 2 \/ 3 inches. If the width is 2
inches less than the length, then find the dimensions of the rectangle.

69. The top of a 20-foot ladder, leaning against a building, reaches a height
of 18 feet. How far is the base of the ladder from the wall? Round off to the
nearest hundredth.

70. To safely use a ladder, the base should be placed about 1/4 of the ladder’s
length away from the wall. If a 20-foot ladder is to be safely used, then how
high against a building will the top of the ladder reach? Round off to the
nearest hundredth.

71. The diagonal of a television monitor measures 32 inches. If the monitor
has a 3:2 aspect ratio, then determine its length and width. Round off to the
nearest hundredth.
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72. The diagonal of a television monitor measures 52 inches. If the monitor
has a 16:9 aspect ratio, then determine its length and width. Round off to the
nearest hundredth.

Business Problems

73. The profit in dollars of running an assembly line that produces custom
uniforms each day is given by the function

P(t) = —40¢ 2 4+ 9601 — 4,000, where t represents the number of
hours the line is in operation.

a. Calculate the profit on running the assembly line for 10 hours a day.

b. Calculate the number of hours the assembly line should run in order to
break even. Round off to the nearest tenth of an hour.

74. The profit in dollars generated by producing and selling x custom lamps

is given by the function P(x) = —10x2 4+ 800x — 12,000 .

a. Calculate the profit on the production and sale of 35 lamps.

b. Calculate the number of lamps that must be sold to profit $3,000.

75. If $1,200 is invested in an account earning an annual interest rate r, then
the amount A that is in the account at the end of 2 years is given by the
formulaA = 1,200(1 + I’)2 . If at the end of 2 years the amount in the
account is $1,335.63, then what was the interest rate?

76. A manufacturing company has determined that the daily revenue, R, in
thousands of dollars depends on the number, n, of palettes of product sold
according to the formula R = 12n — 0.612 . Determine the number of
palettes that must be sold in order to maintain revenues at $60,000 per day.

Projectile Problems

77. The height of a projectile launched upward at a speed of 32 feet/second
from a height of 128 feet is given by the function

h(t) = —16¢> + 32t + 128.

a. What is the height of the projectile at 1/2 second?
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b. At what time after launch will the projectile reach a height of 128 feet?

78. The height of a projectile launched upward at a speed of 16 feet/second
from a height of 192 feet is given by the function

h(t) = —16¢> + 16t + 192.

a. What is the height of the projectile at 3/2 seconds?

b. At what time will the projectile reach 128 feet?

79. The height of an object dropped from the top of a 144-foot building is
givenby /1 () = —16¢ 2 + 144 . How long will it take to reach a point
halfway to the ground?

80. The height of a projectile shot straight up into the air at 80 feet/second
from the ground is given by & (f) = —16¢ 2 4+ 80¢. At what time will the
projectile reach 95 feet?

Part D: Discussion Board

81. Discuss the strategy of always using the quadratic formula to solve
quadratic equations.

82. List all of the methods that we have learned so far to solve quadratic
equations. Discuss the pros and cons of each.
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ANSWERS

1: -8, no real solution
3: 25, two real solutions
5:-72, no real solution
7: 1, two real solutions
9: -1, no real solution
11: 20, two real solutions
13: 0, one real solution
15:-1,3

17:-2/3,1

19: No real solution
21:-1/5,0

23: No real solution

25:—1 +4/5

27:5/2
29:2 j:‘\/E;

31: No real solution

24/5
33:iT\/_

35:1/2, 4
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37:

39:

41:

43:

45:

47:

49:

51:

53:

55:

57:

59:

61:

63:

65:

67:

69:

71:

73

and Graphing Parabolas

0,1/18

No real solution

—1+4/6

2

No real solution

-1/2,1/3

2/3

—4+24/3

34/5 and 31/5 — 2

3+ /10 and =3 + /10

Length: 13.42 inches; width: 4.47 inches
Length: 6.48 meters; width: 4.16 meters
Height: 2.87 feet; base: 9.74 feet

Length: 15 centimeters; width: 12 centimeters

2.85 meters
20 \/ 3 units
Length: 2 + 5\/5 inches; width: —2 + 5\/ 5 inches

2\/5 ~ 8.72 feet
Length: 26.63 inches; width: 17.75 inches

:a. $1,600; b. 5.4 hours and 18.6 hours
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75:5.5%
77: a. 140 feet; b. 0 seconds and 2 seconds

79: 2.12 seconds
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9.5 Graphing Parabolas

8. The graph of any quadratic
equation
y = ax? + bx + ¢, where q,
b, and c are real numbers and

a#0.

LEARNING OBJECTIVES

1. Graph a parabola.
2. Find the intercepts and vertex of a parabola.
3. Find the vertex of a parabola by completing the square.

The Graph of a Quadratic Equation

We know that any linear equation with two variables can be written in the form
y = mx + b and that its graph is a line. In this section, we will see that any

quadratic equation of the form y = ax? 4 bx + ¢ has a curved graph called a
parabola®.

Line Parabola

y=mx+b y=ax’ +bx+c

/

Two points determine any line. However, since a parabola is curved, we should find
more than two points. In this text, we will determine at least five points as a means
to produce an acceptable sketch. To begin, we graph our first parabola by plotting
points. Given a quadratic equation of the form y = ax? + bx + ¢, x is the
independent variable and y is the dependent variable. Choose some values for x and
then determine the corresponding y-values. Then plot the points and sketch the
graph.

Example 1: Graph by plotting points: y = x? — 2x — 3.

Solution: In this example, choose the x-values {-2, -1, 0, 1, 2, 3, 4} and calculate the
corresponding y-values.
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9. The point that defines the
minimum or maximum of a
parabola.

10. The vertical line through the

vertex, X = — Zb_a’ about
which the parabola is
symmetric.

9.5 Graphing Parabolas

X y Points
-2 5 y=(=2)"=2(2)-3=4+4-3=5 (-2, 5)
-1 0 y=(-1)Y=2(-1)-3=1+2-3=0 (-1,0)
0 | -3 y=(0)"-2(0)-3=0-0-3=-3 (0, -3)
1 | 4 y=(1y -2(1)-3=1-2-3=—4 (1, -4)
2 | -3 y=(2)' -2(2)-3=4-4-3=-3 2,-3)
3 0 y=03)-2(3)-3=9-6-3=0 (3, 0)
4 y=#"-2@4)-3=16-8-3=5 4,5)

Plot these points and determine the shape of the graph.

Answer:

y y=x"-2x-3

When graphing, we want to include certain special points in the graph. The y-
intercept is the point where the graph intersects the y-axis. The x-intercepts are the
points where the graph intersects the x-axis. The vertex’ is the point that defines
the minimum or maximum of the graph. Lastly, the line of symmetry'° (also called
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the axis of symmetry'') is the vertical line through the vertex, about which the
parabola is symmetric.

Line of Symmetry

i

Y
o

: -
y-mtercept

5 Vertex

For any parabola, we will find the vertex and y-intercept. In addition, if the x-
intercepts exist, then we will want to determine those as well. Guessing at the x-
values of these special points is not practical; therefore, we will develop techniques
that will facilitate finding them. Many of these techniques will be used extensively
as we progress in our study of algebra.

Given a quadratic equation of the form y = ax? + bx + c, find the y-intercept by
setting x = 0 and solving. In general, y = a(0)* + b (0) + ¢ = ¢ and we have

y-intercept
(0,¢)

11. A term used when referencing
the line of symmetry.
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Next, recall that the x-intercepts, if they exist, can be found by setting y = 0. Doing
this, we have 0 = @ + bx + ¢, which has general solutions given by the quadratic

—b+/ b*>—4ac

formula, x = o . Therefore, the x-intercepts have this general form:

Xx-intercepts

—b—+/b* -4ac 0 —b+b* —4ac
2a ’

and ,0
2a

Using the fact that a parabola is symmetric, we can determine the vertical line of
symmetry using the x-intercepts. To do this, we find the x-value midway between
the x-intercepts by taking an average as follows:

-b— \/b2 dac —b+\/b —4ac

xX= +2
B )l.b—/—4ac —b+)%c( (2
11
21
2a 2
__b
2a

Therefore, the line of symmetry is the vertical line:

Line of symmetry
b

xX=——
2a

We can use the line of symmetry to find the x-value of the vertex. The steps for
graphing a parabola are outlined in the following example.
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Example 2: Graph: y = —x? — 2x + 3.
Solution:

Step 1: Determine the y-intercept. To do this, set x = 0 and solve for y.

y=—x"=2x+3
=—(0)" =2 (0)+3
=3

The y-intercept is (0, 3).
Step 2: Determine the x-intercepts. To do this, set y = 0 and solve for x.

y=-x*-2x+3 Sety =0.
0=-x"-2x+3 Multiply both sides by -1.
0=x>+2x-3 Factor.

0=(x+3)(x—1) Seteach factor equal to zero.

x+3=0 or x-1=0

x==-3 x=1

Here when y = 0, we obtain two solutions. There are two x-intercepts, (-3, 0) and
(1,0).

Step 3: Determine the vertex. One way to do this is to use the equation for the line

of symmetry, x = — %, to find the x-value of the vertex. In this example, a = -1 and
b=-2:
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Substitute -1 into the original equation to find the corresponding y-value.

y=-x"—-2x+3
=— (1)’ -2(-1)+3
=-14+2+3
=4

The vertex is (-1, 4).

Step 4: Determine extra points so that we have at least five points to plot. In this
example, one other point will suffice. Choose x = -2 and find the corresponding y-
value.

b ‘ y Point
3

-2 ‘ y=_(—2)2—2(—2)+3=—4+4+3:3 (-2, 3)

Our fifth point is (-2, 3).

Step 5: Plot the points and sketch the graph. To recap, the points that we have
found are

y-intercept: | (0, 3)

x-intercept: | (-3, 0) and (1, 0)

Vertex: (-1, 4)

Extra point: | (-2, 3)

9.5 Graphing Parabolas 1519



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

Answer:

The parabola opens downward. In general, use the leading coefficient to determine
whether the parabola opens upward or downward. If the leading coefficient is
negative, as in the previous example, then the parabola opens downward. If the
leading coefficient is positive, then the parabola opens upward.

Parabola y=ax” +bx+c

a>0 a<0

opens upward  opens downward
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All quadratic equations of the form y = ax? + bx + c have parabolic graphs with
y-intercept (0, c). However, not all parabolas have x intercepts.

Example 3: Graph: y = 2x? + 4x + 5.

Solution: Because the leading coefficient 2 is positive, note that the parabola opens
upward. Here ¢ = 5 and the y-intercept is (0, 5). To find the x-intercepts, set y = 0.

y=2x"+4x+5
0=2x"+4x+5

In this case, a = 2, b = 4, and c = 5. Use the discriminant to determine the number and
type of solutions.

b® —dac = (4)’ —4(2) (5)
=16—40
=-24

Since the discriminant is negative, we conclude that there are no real solutions.
Because there are no real solutions, there are no x-intercepts. Next, we determine
the x-value of the vertex.
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Given that the x-value of the vertex is -1, substitute into the original equation to

find the corresponding y-value.

y=2x"+4x+5
=2 (1) +4(=1)+5
=2-4+5
=3

The vertex is (-1, 3). So far, we have only two points. To determine three more,
choose some x-values on either side of the line of symmetry, x = -1. Here we choose

x-values -3, -2, and 1.

x y
=3 | 11 y=2(3)+4(-3)+5=18-12+5=11
) 5 p=2(2)Y+4(2)+5=8-8+5=5

1| 11 p=2(1) +4(1)+5=2+4+5=11

To summarize, we have

y-intercept: | (0, 5)

x-intercepts: | None

Vertex: (-1,3)

Extra points: | (-3, 11), (-2, 5), (1, 11)

Plot the points and sketch the graph.

Answer:

Points

(-3, 11)
(=2,5)
(1, 11)
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y=2x"+4x+5

Example 4: Graph: y = —2x° 4 12x — 18.

Solution: Note that a = -2: the parabola opens downward. Since c = -18, the y-
intercept is (0, -18). To find the x-intercepts, set y = 0.

y=-2x"+12x-18
0=-2x>+12x-18

Solve by factoring.

0=-2x*+12x-18 Factor out —2.
0=—2(x"—6x+9) Factor the resulting trinomial.

0=—2x-3) (x-3) Set each variable factor to 0.

x—=3=0 or x-3=0

x=3 x=3
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Here x = 3 is a double root, so there is only one x-intercept, (3, 0). From the original
equation, a =-2, b =12, and ¢ = -18. The x-value of the vertex can be calculated as
follows:

Given that the x-value of the vertex is 3, substitute into the original equation to find
the corresponding y-value.

y=-—2x>+12x-18
=2(3) +12(3)—18
=—18+36-18
=0

Therefore, the vertex is (3, 0), which happens to be the same point as the x-
intercept. So far, we have only two points. To determine three more, choose some x-
values on either side of the line of symmetry, x = 3 in this case. Choose x-values 1, 5,
and 6.

% y Points

-8 y=-2(1) +12(1)-18=-2+12-18 =8 (1,-8)
-8 y=-2(5"+12(5)-18=-50+60-18=-8  (5,-8)
18 y==2(6) +12(6)-18=-72+72—-18=-18 (6, —18)

To summarize, we have

y-intercept: | (0, -18)
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x-intercept: | (3,0)
Vertex: (3,0)
Extra points: | (1, -8), (5, -8), (6, -18)

Plot the points and sketch the graph.

Answer:

Y

A
-------------- 4--'-.'---'-"--.--'r'-'.-".---l"-'---"1'-'--
Sl 2 F
e b
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4 o orfoonst AR || pit o St REEAREL g 2+ e o g > 0 < B
------------ bt it eNs - =A% +12x—18

8
........... _10
"""""" e B R 5 § ¢ sl & BRI R 53 ¥ B TR S § i B
............ _._14 S T TR S A L W T e G I R A
------------ ha g e Ay e funamny s OB E U B e S B HE N R
,,,,,,,,,,,, T S S T
Example 5: Graph: y = x> — 2x — 1.
Solution: Since a = 1, the parabola opens upward. Furthermore, ¢ = -1, so the y-
intercept is (0, -1). To find the x-intercepts, set y = 0.

p=o —2x—1
0=x>-2x-1
In this case, solve using the quadratic formula with a=1,b=-2,and c=-1.
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_ =h b* - 4ac

- 2a

() £y(2) ~4() (-]
- 2(1)
_2:4+4

2

2t\/§
T2

2x+/4-2
-
2242

2
2(1+42)
-

=1:\/5

X

Here we obtain two real solutions for x, and thus there are two x-intercepts:

(1-+/2,0) and (1++/2,0)

Approximate values using a calculator:

(=0.41, 0) and (2.41,0)

Use the approximate answers to place the ordered pair on the graph. However, we
will present the exact x-intercepts on the graph. Next, find the vertex.
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Given that the x-value of the vertex is 1, substitute into the original equation to find
the corresponding y-value.

y=x"=2x-1
=1 =2(1)-1
=1-2-1
=2

The vertex is (1, -2). We need one more point.

% ‘ y Point

2 ‘ -1 y=(0) -2(2)-1=4-4-1=-1 2,-1)

To summarize, we have

y-intercept: | (0,-1)

x-intercepts: | (1 — \/5, 0) and (1 + \/5, 0)

Vertex: (1,-2)

Extra point: | (2,-1)

Plot the points and sketch the graph.

Answer:

9.5 Graphing Parabolas 1527



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

y=x"-2x-1

5
Try this! Graph: y = 9x? — 5.
Answer:
i
(o)L F L (Vs30)
—— ]
S e S R St | ' N R 2345
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Video Solution

(click to see video)
Finding the Maximum and Minimum

It is often useful to find the maximum and/or minimum values of functions that
model real-life applications. To find these important values given a quadratic
function, we use the vertex. If the leading coefficient a is positive, then the parabola
opens upward and there will be a minimum y-value. If the leading coefficient a is
negative, then the parabola opens downward and there will be a maximum y-value.

Example 6: Determine the maximum or minimum: y = —4x? 4 24x — 35.

Solution: Since a = -4, we know that the parabola opens downward and there will be
a maximum y-value. To find it, we first find the x-value of the vertex.

x= _b x-value of the vertex
2a
24 .

=—— Substitute a =—4 and b =24.
2(=4)

24 Simplify.
-8

=3

The x-value of the vertex is 3. Substitute this value into the original equation to find
the corresponding y-value.

y= —4x* +24x-35 Substitute x = 3.
=—4(3) +24(3)-35  Simplify.
=-36+72-35
=]
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The vertex is (3, 1). Therefore, the maximum y-value is 1, which occurs when x = 3,
as illustrated below:

Maximum y-value

_____ S A e

A

Note

The graph is not required to answer this question.

Answer: The maximum is 1.

Example 7: Determine the maximum or minimum: y = 4x? — 32x + 62.

Solution: Since a = +4, the parabola opens upward and there is a minimum y-value.
Begin by finding the x-value of the vertex.
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Substitute a =4 and b =-32.

= Simplify.

Substitute x = 4 into the original equation to find the corresponding y-value.

y=4x*-32x + 62
= 4(4) - 32(4) + 62
=64 - 128 + 62
~—3

The vertex is (4, -2). Therefore, the minimum y-value of -2 occurs when x = 4, as

illustrated below:

y

‘ A

..... L &

..... st 5 4 e
«—t x

Minimum y-value

Answer: The minimum is -2.
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Try this! Determine the maximum or minimum: y = (x — 3)> — 9.
Answer: The minimum is -9.

Video Solution

(click to see video)

A parabola, opening upward or downward (as opposed to sideways), defines a
function and extends indefinitely to the right and left as indicated by the arrows.
Therefore, the domain (the set of x-values) consists of all real numbers. However,
the range (the set of y-values) is bounded by the y-value of the vertex.

Example 8: Determine the domain and range: y = x> — 4x + 3.

Solution: First, note that since a = 1 is positive, the parabola opens upward. Hence
there will be a minimum y-value. To find that value, find the x-value of the vertex:

Then substitute into the equation to find the corresponding y-value.

y=x"—4x+3
=(2)'-4(Q2)+3
=4-8+3
=—1

The vertex is (2, -1). The range consists of the set of y-values greater than or equal
to the minimum y-value -1.
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9.5 Graphing Parabolas

Answer: Domain: R = (-e, ); range: [-1, <)

Example 9: The height in feet of a projectile is given by the function
h(t) = —16t> + 72t where t represents the time in seconds after launch. What is
the maximum height reached by the projectile?

Solution: Here @ = —16, and the parabola opens downward. Therefore, the y-value
of the vertex determines the maximum height. Begin by finding the x-value of the
vertex:

b7 12 9%
2a  2(-16) 32 4

The maximum height will occur in 9/4 = 2% seconds. Substitute this time into the
function to determine the height attained.
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2.
h 2 =-16 2 +72
4 4
=-16 g +72
16
=-81+162
=81

)
|

AN O | O

Answer: The maximum height of the projectile is 81 feet.
Finding the Vertex by Completing the Square

In this section, we demonstrate an alternate approach for finding the vertex. Any
quadratic equation y = ax? + bx + ¢ can be rewritten in the form

y=a(x—h)2+k

In this form, the vertex is (h, k).

Example 10: Determine the vertex: y = —4(x — 37 + 1.

Solution: When the equation is in this form, we can read the vertex directly from
the equation.

y= a(x—h)2 +k
X8
y=—4(x—3) +1

Here h=3 and k=1.

Answer: The vertex is (3, 1).
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9.5 Graphing Parabolas

Example 11: Determine the vertex: y = 2(x + 3)> — 2.

Solution: Rewrite the equation as follows before determining h and k.

y=alx — h)2 + k
J: 2 \
y=2(x—-(3)) +(2)

Here h=-3 and k=-2.

Answer: The vertex is (-3, -2).

Often the equation is not given in this form. To obtain this form, complete the
square.

2
Example 12: Rewrite iny = a (x - h) + k form and determine the vertex:
y=x2+4+4x+9.

Solution: Begin by making room for the constant term that completes the square.

y=x"+4x+9

=x"+4x+  +9-

The idea is to add and subtract the value that completes the square, ( 2 )2, and then
factor. In this case, add and subtract (%)z = 2y =4

1535



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

y= X’ +4x+9 Add and subtract 4.

=x’+4x+4+9-4  Factor.
R —

factor

=(x+2)(x+2)+5
=(x+2) +5

Adding and subtracting the same value within an expression does not change it.
Doing so is equivalent to adding 0. Once the equation is in this form, we can easily
determine the vertex.

y=al - h)’ +k
? 1’
y= (x—=(2)) +5

Here h=-2and k=5.

Answer: The vertex is (-2, 5).

If there is a leading coefficient other than 1, then we must first factor out the
leading coefficient from the first two terms of the trinomial.

2
Example 13: Rewrite iny = a(x - h) + k form and determine the vertex:
y=2x2 —4x +8.

Solution: Since a = 2, factor this out of the first two terms in order to complete the
square. Leave room inside the parentheses to add a constant term.
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y=2x"-4x+8
=2(x*-2x )+8

Now use -2 to determine the value that completes the square. In this case,

( = )Z = (=1)* = 1. Add and subtract 1 and factor as follows:

2

y=2x"-4x+8
=2(x*-2x+_ - )+8 Addand subtract 1.

=2| x?=2x+1-1|+8 Factor.

factor

“2((x-1)x=-1)=1)+8

= 2((x—1)2 -1)+38 Distribute the 2.
=2(x-1y -2+8

=2(x-1) +6

In this form, we can easily determine the vertex.

y= at(x—h)2 +k
l
y=2(x—1J+6

Here h=1and k= 6.

Answer: The vertex is (1, 6).

2
Try this! Rewriteiny = a (x - h) + k form and determine the vertex:

y=—2x>—12x+ 3.

9.5 Graphing Parabolas
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Answer:y = —2(x + 3)2 + 21; vertex: (-3, 21)

Video Solution

(click to see video)

KEY TAKEAWAYS

¢ The graph of any quadratic equation y = ax 2 + bx + ¢, wherea, b,
and c are real numbers and @ # (), is called a parabola.

« When graphing parabolas, find the vertex and y-intercept. If the x-
intercepts exist, find those as well. Also, be sure to find ordered pair
solutions on either side of the line of symmetry, x = — ;’—a

« Use the leading coefficient, a, to determine if a parabola opens upward
or downward. If a is positive, then it opens upward. If a is negative, then
it opens downward.

« The vertex of any parabola has an x-value equal to — ;—a. After finding

the x-value of the vertex, substitute it into the original equation to find
the corresponding y-value. This y-value is a maximum if the parabola
opens downward, and it is a minimum if the parabola opens upward.

+ The domain of a parabola opening upward or downward consists of all
real numbers. The range is bounded by the y-value of the vertex.

¢ An alternate approach to finding the vertex is to rewrite the quadratic

2
equation in the formy = a (x - h) + k. When in this form, the
vertex is (h, k) and can be read directly from the equation. To obtain this
form, take y = ax 2+ bx+ cand complete the square.
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TOPIC EXERCISES

Part A: The Graph of Quadratic Equations

Does the parabola open upward or downward? Explain.
1.y=x2—9x+20

2.y =x% — 12x + 32

3.y = —2x2 + 5x + 12
a.y=—6x2+13x—-6
5.9 = 64 — x?2

6.y = —3x + 9x2
Determine the x- and y-intercepts.
7.y = x2 +4x — 12
8.y=x>—13x+12

0.y =2x% +5x -3

10.y =3x2 —4x -4
1.y = =5x2 — 3x + 2
12.y = —6x% + 11x — 4
13.y = 4x2 = 25

14.y = 9x2 — 49

15.y=x2—x+1
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9.5 Graphing Parabolas

16.y = S5x2 + 15x

Find the vertex and the line of symmetry.
17.y = —x2 + 10x — 34

18.y = —x°> — 6x + 1

19.y = —4x2 + 12x — 7

20.y = —9x2 4+ 6x + 2

21y = 4x° — 1

22.y =x> — 16

Graph. Find the vertex and the y-intercept. In addition, find the x-intercepts if they

exist.

23.y =x2 —2x -8
24y =x>—4x -5
25.y = —x2 +4x+ 12
26.y = —x% —2x + 15
27.y = x> — 10x

28.y = x° + 8x

209.y =x> =9

30.y = x2 — 25

3.y =1-—x?

32.y = 4 — x?
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33.y=x2 —2x + 1
34.y=x2 +4x+ 4
35.y = —4x> + 12x -9
36,y = —4x% —4x+ 3
37.y =x2 =2

38.y =x2 — 3

39.y = —4x> 4+ 4x -3
40.y = 4x2 + 4x + 3
a1.y=x>-2x-2
2.y =x>—-6x+6
3.y =-2x% 4+ 6x -3
4.y = —4x% +4x + 1
155y =x2 +3x+4
6.y =—x>+3x—4
a7.y = =2x% + 3

8.y = —2x> — 1

9.y =2x> 4+ 4x -3
50.y = 3x% + 2x — 2

Part B: Maximum or Minimum
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9.5 Graphing Parabolas

Determine the maximum or minimum y-value.
5.y = —x2 —6x + 1

52y = —x> —4x + 8

53.y = 25x2 — 10x + 5

54y = 16x2 — 24x + 7

55.y = —x2

56.y = 1 — 9x?

57.y = 20x — 10x2

58.y = 12x + 4x?

59.y = 3x? —4x — 2

60.y = 6x2 — 8x + 5

Given the following quadratic functions, determine the domain and range.
61.f(x) = 3x2 + 30x + 50

62.f(x) = 5x% — 10x + 1

63.8(x) = —2x2 +4x + 1

64.8(x) = =Tx% — 14x - 9

65. The height in feet reached by a baseball tossed upward at a speed of 48
feet/second from the ground is given by the function

h(t) = —16¢t Z 4 48t, where t represents time in seconds. What is the
baseball’s maximum height and how long will it take to attain that height?
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9.5 Graphing Parabolas

66. The height of a projectile launched straight up from a mound is given by

the function h(t) = —16¢ 2 4+ 961 + 4, where t represents seconds after
launch. What is the maximum height?

67. The profit in dollars generated by producing and selling x custom lamps

is given by the function P(x) = —10x 2 4+ 800x — 12,000 .what is

the maximum profit?

68. The revenue in dollars generated from selling a particular item is

modeled by the formula R(x) = 100x — 0.0025x 2 , where x
represents the number of units sold. What number of units must be sold to
maximize revenue?

69. The average number of hits to a radio station website is modeled by the

formula f(x) = 450> — 3,600t + 8,000 , where t represents the
number of hours since 8:00 a.m. At what hour of the day is the number of
hits to the website at a minimum?

70. The value in dollars of a new car is modeled by the formula

V(t) = 125¢> — 3,000¢ + 22,000 , where t represents the number of

years since it was purchased. Determine the minimum value of the car.

71. The daily production costs in dollars of a textile manufacturing company
producing custom uniforms is modeled by the formula

C(x) = 0.02x% — 20x + 10,000 , where x represents the number of

uniforms produced.

a. How many uniforms should be produced to minimize the daily production
costs?

b. What is the minimum daily production cost?

72. The area of a certain rectangular pen is given by the formula

A = 14w — w? | where w represents the width in feet. Determine the
width that produces the maximum area.

Part C: Vertex by Completing the Square

Determine the vertex.

1543



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

73.y = —(x—5)2 +3
74.y==2x—-1%+7
75.y=5x+ 1> +6
76.y = 3(x +4)* + 10
77.y = =5(x + 8)2 — 1
78.y=(x+2)?>-5
Rewrite iny = a(x — h) ik form and determine the vertex.
79.y = x> — 14x + 24
80.y = x2 — 12x + 40
8.y = x2 +4x — 12
82.y = x> 4+ 6x — 1
83.y =2x2 — 12x - 3
84.y = 3x> —6x+5
85.y = —x° + 16x + 17
86.y = —x2 + 10x
Graph.

87.y =x2 —1

8.y = x> + 1
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9.5 Graphing Parabolas

89.y = (x — 1)?

90.y = (x + 1)?

oy = (x—4)* -9
92.y = (x — 1) — 4
93.y=—-2(x+1)>+8
91.y = =3(x +2)% + 12
95.y = —5(x — 1)?

9.y = —(x + 2)2

97.y = —4(x — 1) =2
98.y = 9(x + 1)? + 2
99.y = (x+5)2 — 15
100.y = 2(x—5)2 -3
101y = =2(x — 4)% + 22
102.y = 2(x + 3)2 — 13
Part D: Discussion Board

103. Write down your plan for graphing a parabola on an exam. What will
you be looking for and how will you present your answer? Share your plan
on the discussion board.

104. Why is any parabola that opens upward or downward a function?
Explain to a classmate how to determine the domain and range.
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ANSWERS

1: Upward

3: Downward

5: Downward

7: x-intercepts: (-6, 0), (2, 0); y-intercept: (0, -12)

9: x-intercepts: (-3, 0), (1/2, 0); y-intercept: (0, -3)

11: x-intercepts: (-1, 0), (2/5, 0); y-intercept: (0, 2)

13: x-intercepts: (-5/2, 0), (5/2, 0); y-intercept: (0, -25)
15: x-intercepts: none; y-intercept: (0, 1)

17: Vertex: (5, -9); line of symmetry: X = 5

19: Vertex: (3/2, 2); line of symmetry: x = 3/2

21: Vertex: (0, -1); line of symmetry: x = 0

2553
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31:

33:
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35:

37:

39:

41:
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49:
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9.5 Graphing Parabolas

51:

53:

55:

57:

59:

61:

63:

65:

67:

69:

71:

73

75

77

79

81

Maximum: y = 10
Minimum: y = 4
Maximum:y =0
Maximum: y = 10
Minimum: y = -10/3

Domain: R; range: [—25, oo)

Domain: R; range: (—00, 3]

$4,000

12:00 p.m.

a. 500 uniforms; b. $5,000

:(5,3)

:(-1, 6)

:(-8,-1)

:y = (x = 7) — 25; vertex: (7, -25)

y=x+ 2)2 — 16; vertex: (-2, -16)

The maximum height of 36 feet occurs after 1.5 seconds.
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83y = 2(x — 3)2 — 21; vertex: (3, -21)
85:y = —(x — 8)2 + 81: vertex: (8, 81)

87:

89:

91:

x
8910 1112113 14 15

L
S
L
]
-

St inb b

93:
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95:

97:.

99:

(A—Wl‘,no)/‘\(ﬁs/ﬁ,o)

2-1 [f1 23 4 s 6 T\s 9 w2131
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1552



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

9.6 Introduction to Complex Numbers and Complex Solutions

LEARNING OBJECTIVES

1. Perform operations with complex numbers.
2. Solve quadratic equations with complex solutions.

Introduction to Complex Numbers

Up to this point, the square root of a negative number has been left undefined. For

example, we know that 1/—9 is not a real a number.

J-9=2 or (?)2=—9

There is no real number that when squared results in a negative number. We begin
the resolution of this issue by defining the imaginary unit'?, i, as the square root of
-1.

i=\/——1 and i2=-1

To express a square root of a negative number in terms of the imaginary unit i, we
use the following property, where a represents any nonnegative real number:

J-a=v-1-a=v-1-Ja=iJa

With this we can write

V-9 =v-1-9=/-1-49=i-3=3i
12. Defined as [ = \/——land

i*=-1
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If 1/—9 = 3i, then we would expect that 3i squared equals -9:

(3i) =9 =9(-1)=-9 v

Therefore, the square root of any negative real number can be written in terms of
the imaginary unit. Such numbers are often called imaginary numbers".

Example 1: Rewrite in terms of the imaginary unit i.

a.\/—4
b. /=5
c.\/—8
Solution:

aV—4=y/-1-4=4/-1-\d=i-2=2i
b VTS = VTS = VT VE = iy5
cV-8=V-1-42=1/-1-\4-\2=i-2.-12=2i\2

13. The square roots of any
negative real numbers.
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Notation Note

When an imaginary number involves a radical, place i in front of the radical.
Consider the following:

2i4/2 = 24/2i

Since multiplication is commutative, these numbers are equivalent. However,

in the form 24/2i, the imaginary unit i is often misinterpreted to be part of the
radicand. To avoid this confusion, it is a best practice to place the i in front of

the radical and use 2i\/§.

A complex number'* is any number of the form

a+bi

where a and b are real numbers. Here a is called the real part™ and b is called the
imaginary part'®. For example, 3 — 4iis a complex number with a real part, 3, and
an imaginary part, -4. It is important to note that any real number is also a complex
number. For example, the real number 5 is also a complex number because it can be
written as 5 4+ 0i with a real part of 5 and an imaginary part of 0. Hence the set of
real numbers, denoted R, is a subset of the set of complex numbers, denoted C.

Adding and subtracting complex numbers is similar to adding and subtracting like
terms. Add or subtract the real parts and then the imaginary parts.

14. Numbers of the form a + bi, Example 2: Add: (3 — 4i) + (2 + Si)
where a and b are real
numbers.

15. The real number  of a complex Solution: Add the real parts and then add the imaginary parts.

number a + bi.

16. The real number b of a complex
number a + bi.
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(3-4i)+(2+5i)=3-4i+2+5i

=5+1

Answer: 5 + i

To subtract complex numbers, subtract the real parts and subtract the imaginary
parts. This is consistent with the use of the distributive property.

Example 3: Subtract: (3 — 4i) — (2 + 5i)

Solution: Distribute the negative one and then combine like terms.

(3-4i)- (2+5i)=3-4i-2-5i
—1-9

Answer: 1 — 9i

The distributive property also applies when multiplying complex numbers. Make
use of the fact that # = —1 to resolve the result into standard form: a + bi.

Example 4: Multiply: 5 (3 — 4i).

Solution: Begin by applying the distributive property.
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S5i(3—-4i)=5i-3-5i-4i Distribute.

=15i—20i" Substitute i* = —1.
=15i-20(-1)  Simplify.
=15i+20

=20+15i

Answer: 20 + 15i

Example 5: Multiply: (3 — 4i) (4 + 5i)
Solution:

(3—4i)@A+5i)=3-4+3-5i—4i-4—4i-5i  Distribute.

=12+15i—16i — 20i* Substitute i’ = —1.
=12+15i—16i—20(-1)

=12-i+20

=32-i

Answer: 32 — |

Given a complex number a + bi, its complex conjugate'’ is @ — bi. We next explore
the product of complex conjugates.

17. Two complex numbers whose Example 6: Multiply: (3 — 4i) (3 + 4i)
real parts are the same and
imaginary parts are opposite. If
given a + bi, then its complex | Solution:
conjugate is @ — bI.
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(3-4i)3+4i)=3-3+3-4i—4i-3—-4i-4i
=9+12i—12i—16i"
=9-16(-1)
=9+16
=25

Answer: 25

In general, the product of complex conjugates'® follows:

(a+bi)(a—Dbi) =a’—a-bi+bi-a-b**
=a’ —abi+abi—b* (-1)

=a*+b*

Note that the result does not involve the imaginary unit; hence the result is real.
This leads us to the very useful property:

(a+bi)(a-bi)=a* +b

To divide complex numbers, we apply the technique used to rationalize the
denominator. Multiply the numerator and denominator (dividend and divisor) by
the conjugate of the denominator. The result can then be resolved into standard
form, a + bi.

Example 7: Divide: ﬁ
18. The real number that results
from multiplying complex )
conjugates: Solution: In this example, the conjugate of the denominator is 1 + 2i. Multiply by 1
(a + bi) (a— bi) = & + b*in the form T2

1+2i)°

9.6 Introduction to Complex Numbers and Complex Solutions 1558



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

1 1 (1+2i)
1-2i  (1-2i) (1+2i)
(1+2i)
T P+2?
142

144
L2
5

To express this complex number in standard form, write each term over the
common denominator 5.

1+2i_l g
5 5 5
1
=—+—1
5

Answer: % + % i

R o
Example 8: Divide: =—-.

Solution:
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3-4i _ (3-4i) 3-2i)
3+2i  (3+2i) (3-2i)
_9—6i—12i+8i’

3% +2?
_9-18i+8(-1)
944
_9-18i-8
13
_1-18i
13
_1 18,

13 13

1 18 -

Answer: IEER
. .. 5+5i
1 L 20
Try this! Divide: T

Answer: —1 + 2i

Video Solution

(click to see video)
Quadratic Equations with Complex Solutions

Now that complex numbers are defined, we can complete our study of solutions to
quadratic equations. Often solutions to quadratic equations are not real.

Example 9: Solve using the quadratic formula: x> — 2x + 5 = 0

Solution: Begin by identifying a, b, and c. Here
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Substitute these values into the quadratic formula and then simplify.

_ =b++/b’ —4dac

B 2a

— (£ -4(1)(5)
- 2(1)

_ 2+J4-20

2
_244/-16
2

X

Negative radicand

244

Two complex solutions

Check these solutions by substituting them into the original equation.

Check x=1-2i Check x=1+2i
X =2x+5=0 X =2x+5=0
(1-2i) =2(1-2i)+5=0 (1+2i)° =2 (1+2i)+5=0
1—4i+4i* =2+4i+5=0 1+4i+4i* —2-4i+5=0
4i* +4=0 4i* +4=0
4 -1 +4=0 4 -1 +4=0
—4+4=0 v —4+4=0 Vv

Answer: The solutions are 1 — 2iand 1 + 2i.
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The equation may not be given in standard form. The general steps for solving
using the quadratic formula are outlined in the following example.

Example 10: Solve: 2x + 1) (x —3) = x — 8.

Solution:

Step 1: Write the quadratic equation in standard form.

(2x+1)Xx-3)=x-8

2x* —6x+x-3=x-8
2x* —5x-3=x-8
2x* —6x+5=0

Step 2: Identify a, b, and c for use in the quadratic formula. Here

a=2 b=-6 c¢=5

Step 3: Substitute the appropriate values into the quadratic formula and then
simplify.
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_ —b++b* —4ac

X

2a
2
(6 £ (6) -4(2)(5)
2Q)
 6++/36-40
4
_6+-4
4
6+2i
4
_6,2
47 4
ENY
2 2

Answer: The solution is 2 + 2 iThe check is optional.

Example 11: Solve: x (x + 2) = —19.

Solution: Begin by rewriting the equation in standard form.
x(x+2)=-19

X +2x=-19
X2 +2x+19=0

Herea = 1,b = 2, and ¢ = 19. Substitute these values into the quadratic formula.
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—b++b* —4ac

2a

—(2) () =4(1)(19)
2(1)
—2+4-76

2
—21-72
2
—2++/-1-36-2

2
~2+6iV2
2
2,612

27 2

= _1+3i\2

Answer: The solutions are —1 — 3i\/§ and —1 + 3i\/§.

Notation Note

Consider the following:

—1+3i/2 = =1+ 34/2i

Both numbers are equivalent and —1 + 3 \/Ei is in standard form, where the
real part is -1 and the imaginary part is 3 \/E However, this number is often

expressed as —1 + 3i \/5, even though this expression is not in standard form.
Again, this is done to avoid the possibility of misinterpreting the imaginary
unit as part of the radicand.
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Try this! Solve: (2x + 3) (x+5) = 5x+ 4.

—4+i\6 )

L
2 = !

Answer: +

Video Solution

(click to see video)

KEY TAKEAWAYS

¢ The result of adding, subtracting, multiplying, and dividing complex
numbers is a complex number.

+ Use complex numbers to describe solutions to quadratic equations that
are not real.
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TOPIC EXERCISES

Part A: Introduction to Complex Numbers

Rewrite in terms of i.
1.4/-64

2.4/—81

3.4/=20

1.4/-18

5.4/=50

6.\/—48

7.—\/—45

8.—v/—8

o/~ %

0,/-2

Perform the operations.

1. (3 +5i) + (7 —4)
12.(6 = 7i) + (=5 = 2i)

13.(=8 = 3i) + (5 + 2i)
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19. (=9 — 5i) — (8 + 12i)

20.(—11 + 2i) — (13 = 7i)

2. (3= 5i) = (- 4i)
23.2i (7 — 4i)

24.6i (1 — 2i)

25.—2i (3 — 4i)

26.—5i (2 — i)

27.2 + i) (2 - 3i)

28. (3 — 5i) (1 —2i)
29.(1 — i) (8 — 9i)

30. (1 +5i) (5+ 2i)

31. (4 + 30)?

9.6 Introduction to Complex Numbers and Complex Solutions 1567



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

32. (2 — Si)2

33.(4 — 2i) (4 + 20)

34, (6 + Si) (6 — Si)

35.(l+

2

W= W

~. ~.
~— ~—
o= W=

36. (% —
37.
38. ——
39.
40.
41.

42. 5=

43.
44,
45.
46, 2L

Part B: Complex Roots

Solve by extracting the roots and then solve by using the quadratic formula. Check

answers.

L
2

0| w
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7.2 +9=0
8.x>+1=0
29.4t> +25=0
50.9t2 + 4 = 0
51.4y2 +3 =10
52.9y2 +5=0

53.3x2 +2 =0
54.5x2 +3 =0
s55.(x+ )2 +4=0
s6.(x +3)* +9 =0
Solve using the quadratic formula.
57.x2 = 2x+10=0
58.x2 —4x+13 =0
5.2 +4x4+6 =0
60.x2 +2x+9 =0
61.y2 —6y+17=0
62.y2 —2y+19=0
63.12 —5t+ 10 =0

6a.1° +3t+4 =0
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65.—x2 + 10x — 29 =0
66.—x2 +6x—10=0
67.—y2 —y—=2=0
68.—y2 +3y—5=0
690.—2x% + 10x — 17 = 0
70.—8x% +20x — 13 =0
71.3y2 = 2y+4=0
72.5y2 —4y+3=0
73.2x% +3x+2=0
74.4x2 +2x+1=0

75.2x2% — §x+

N 0

76.3x2% — §x+

W=

77.2x(x — 1) = —1

78.x (2x+5) =3x -5
79.3t(t—2)+4=0
80.5t(t—1)=1t—-4

81.(2x + 3)* = 16x + 4
82.(2y+5)2 — 12(y+ 1) =0

83.—3 (y+3) (y—S) = S5y + 46
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8.2 (y—4) (y+1)=3y+10
85.xx—1)+3x+2)=1

86.5x(x+2)—6(2x—1)=5

87.3(t—1)—2t(t—2) = 6¢

88.3(t—3)—1(t—5) =Tt

89.(2x +3) 2x—3) =5 (x? +1) = -9

90.5(x+ 1) (x—1) —3x2 = -8

Part C: Discussion Board

91. Explore the powers of i. Share your discoveries on the discussion board.

92. Research and discuss the rich history of imaginary numbers.

93. Research and discuss real-world applications involving complex
numbers.
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ANSWERS

1: 81
3: 2i\/§
S:Siﬁ

9:%

11: 10 + §
13: =3 — i
15:2 + 210
17: =3 + 5i
19:—17 — 17i
2:— 2>+ 2
23:8 + 14i
25: —8 — 61
27:7 — 4i
29: =1 —=17i
31: 7 + 24i
33:20

35: 4 — L g
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37:

39:

41:
43:

45:

47: +

49:

51:

53:

55:

57:

59:

61:

63:

65:

67:

69:

71:

0=
-+
Nlﬁl

|
-+
0| w
o~

W=
Qal&l
o
~.
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73:—%141'
75:%1%1'
773 £ S0
79zli§i
81: 1 + i
83:%1@1'
85: 1 & 2 i
87:%1@1.

89: ii\/g
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REVIEW EXERCISES

Extracting Square Roots

Solve by extracting the roots.

1.x2 —16 =0
2y = 3

3.x2-27=0
4.x2427=0
5.3y2 -25=0
6.9x2 —2=0

72.(x=5)7=9=0
8.2x—1)2=1=0
0.16(x —6)” =3 =0
10.2(x +3)* =5=0
1n.x+3) (x—-2)=x+12
12.(x + 2) (5x—1) =9x -1

Find a quadratic equation in standard form with the given solutions.

13.1\/5
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Completing the Square

Complete the square.

15.x% — 6x+? = (x—7)*
16.x2 — x+? = (x=7)?
Solve by completing the square.
17.x2 = 12x+1=0
18.x2 +8x+3=0
19.y2 —4y—14 =0
20.y2 -2y —-74=0
21.x% +5x—1=0
22.x> = Tx—=2=0
23.2x> +x—=3=0
24.5x> +9x -2 =0
25.2x> —16x+5 =0
26.3x> —6x+1=0
27.2y2 + 10y +1=0
28.5y2 +y—-3=0
29.x(x+9)=5x+8

30.(2x+5) x+2)=8x+7
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Quadratic Formula

Identify the coefficients a, b, and c used in the quadratic formula. Do not solve.
3.x2 —x+4=0

32.—x2 +5x—14=0

33.x2 =5=0

34.6x2 +x=0

Use the quadratic formula to solve the following.
35.x2 —6x+6=0

36.x2 4+ 10x+23 =0

37.3y2 —y—-1=0

38.2y2 =3y +5=0

39.5x% =36 =0

20.7x> +2x =0

1. —-x> +5x+1=0

42.—4x> = 2x4+1=0

3.1 — 12t — 288 = 0

4a.1> — 441 + 484 = 0

5. (x —3)2 —2x =47

46.9x(x+1)—5=3x
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Guidelines for Solving Quadratic Equations and Applications

Use the discriminant to determine the number and type of solutions.
47.-x> +5x+1=0
8.—x2+x—-1=0

20.4x2 —4x4+1=0

50.9x2 —4 =0

Solve using any method.

51.x% 4+ 4x — 60 = 0

52.9x2 + 7Tx = 0

53.25t2 — 1 =0

5.2 + 16 =0

552 —x—3=0

56.9x2 + 12x+1 =0
57.4x — 1)2 =27 =0
58.(3x+5)" —4=0
59.x—2) (x+3)=6

60. X (x - 5) =12

6l.(x+1) (x —8)+ 28 = 3x

62.x—2) (x+4) =28x—-9

9.7 Review Exercises and Sample Exam

1579



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

Set up an algebraic equation and use it to solve the following.

63. The length of a rectangle is 2 inches less than twice the width. If the area
measures 25 square inches, then find the dimensions of the rectangle. Round
off to the nearest hundredth.

64. An 18-foot ladder leaning against a building reaches a height of 17 feet.
How far is the base of the ladder from the wall? Round to the nearest tenth
of a foot.

65. The value in dollars of a new car is modeled by the function

V (f) = 125> — 3,000¢ + 22,000 , where t represents the number of

years since it was purchased. Determine the age of the car when its value is
$22,000.

66. The height in feet reached by a baseball tossed upward at a speed of 48
feet/second from the ground is given by the function

h(t) = —16¢t 2+ 48¢ , where t represents time in seconds. At what time
will the baseball reach a height of 16 feet?

Graphing Parabolas

Determine the x- and y-intercepts.

67.y = 2x% + 5x — 3

68.y =x2 — 12

69.y = Sx? —x+2

70.y = —x2 + 10x — 25

Find the vertex and the line of symmetry.
7.y =x% —6x+ 1

72y = —x2 + 8x — 1

73.y=x24+3x-1
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74.y = 9x% — 1

Graph. Find the vertex and the y-intercept. In addition, find the x-intercepts if they
exist.

75.y = x> + 8x + 12
76.y = —x2 — 6x + 7
77.y = =2x% — 4

78.y = x2 + 4x

79.y = 4x? —4x + 1
80.y = —2x72

81.y = —2x2 + 8x — 7
82.y = 3x2 — 1
Determine the maximum or minimum y-value.
83.y=x2 —10x + 1
8.y = —x2 + 12x — 1
85.y = —5x2 + 6x
86.y = 2x> —x—1

87. The value in dollars of a new car is modeled by the function

V (¢) = 125> — 3,000¢ 4+ 22,000 , where t represents the number of
years since it was purchased. Determine the age of the car when its value is
at a minimum.

88. The height in feet reached by a baseball tossed upward at a speed of 48
feet/second from the ground is given by the function

9.7 Review Exercises and Sample Exam 1581



Chapter 9 Solving Quadratic Equations and Graphing Parabolas

h(t) = —16¢t 2+ 48¢ , where t represents time in seconds. What is the
maximum height of the baseball?

Introduction to Complex Numbers and Complex Solutions

Rewrite in terms of i.

. v/ 36

s0. /=20

8

91. 25
/1
92. 9

Perform the operations.
93.(2 = 5i) + (3 + 4i)
94. (6 — 7i) — (12 — 3i)
95.(2 — 3i) (5+i)

4ei

=

Solve.

97.9x> +25 =0
98.3x* +1=0
99.y2 —y+5=0
100.y% + 2y + 4

10.4x (x +2)+ 5 =8
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102.2 (x +2) (x +3) =3 (x? +13)
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SAMPLE EXAM

Solve by extracting the roots.
1.4x2-9=0

2.(4x+ 1)2 -5=0

Solve by completing the square.
3.x24+10x+19=0
4x2-x-1=0

Solve using the quadratic formula.
5.-2x2+x+3=0
6.x> +6x—31=0

Solve using any method.
7.(5x+1) x+1) =1
8.(x+5) (x=5) =65
9. x(x+3)=-2

10.2(x — 2)> — 6 = 3x?2
Set up an algebraic equation and solve.

11. The length of a rectangle is twice its width. If the diagonal measures

6 \/ 5 centimeters, then find the dimensions of the rectangle.
12. The height in feet reached by a model rocket launched from a platform is

given by the function A(t) = —16¢ 2 42561 + 3, where t represents
time in seconds after launch. At what time will the rocket reach 451 feet?
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Graph. Find the vertex and the y-intercept. In addition, find the x-intercepts if they
exist.

13.y=2x2 —4x—-6
14.y = —x% +4x — 4
15.y = 4x2 =9

16.y = x2 +2x — 1

17. Determine the maximum or minimum y-value:

y=-3x2+12x - 15.
18. Determine the x- and y-intercepts: y = X 2+ x+4.

19. Determine the domain and range: y = 25x% — 10x+ 1.

20. The height in feet reached by a model rocket launched from a platform is

given by the function h(f) = —16¢ 2 4256t + 3, wheret represents
time in seconds after launch. What is the maximum height attained by the
rocket.

21. A bicycle manufacturing company has determined that the weekly
revenue in dollars can be modeled by the formula R = 2001 — n? , where
n represents the number of bicycles produced and sold. How many bicycles
does the company have to produce and sell in order to maximize revenue?

22. Rewrite in terms of i: 1/ —60.
42

23. Divide: IE TR

Solve.

24.25x2 43 =0

25.—2x2 +5x—1=0
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REVIEW EXERCISES ANSWERS

1: £16

11:13\/5

13:x2 —=2=0

15:x2 — 6x + 9 = (x — 3)?
17:6 + \/35

19:2 + 34/2

21:

23:-3/2,1

25:

27:

29: =2 + 24/3

31:a = l,b = —l,andc =4
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33:a=1,b=0,andc = =5
35:3 + \/5

1+4/13

6

37:

39:

41:

43:-12, 24

45:4 + 34/6

47: Two real solutions
49: One real solution
51:-10, 6

53:£1/5

1+4/13
2

55:

24+34/3

2

57:
59:-4,3

61:5 + \/ 5

63: Length: 6.14 inches; width: 4.07 inches

65: It is worth $22,000 new and when it is 24 years old.

67: x-intercepts: (-3, 0), (1/2, 0); y-intercept: (0, -3)
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69: x-intercepts: none; y-intercept: (0, 2)
71: Vertex: (3, -8); line of symmetry: x = 3
73: Vertex: (-3/2, -13/4); line of symmetry: x = — %

75:

x
1110 =9 -8 -7 ~ONS_—4 2 -1 12 3

77:

79:

10°

9
8
7
6
s

81:
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83: Minimum: y = -24

85: Maximum: y = 9/5

87: The car will have a minimum value 12 years after it is purchased.
89: 61

91:
93:5 — i

95: 13 — 13i

97: + =
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SAMPLE EXAM ANSWERS

17: Maximum:y = -3

19: Domain: R; range: [O, oo)

21: To maximize revenue, the company needs to produce and sell 100
bicycles a week.
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