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Chapter 8

Radical Expressions and Equations
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Chapter 8 Radical Expressions and Equations

8.1 Radicals

1. The number that, when
multiplied by itself, yields the
original number.

2. The positive square root of a
real number, denoted with the

symbol \/- )

3. The expression a within a

radical sign, \”/Zl

LEARNING OBJECTIVES

Find square roots.

Find cube roots.

Find nth roots.

Simplify expressions using the product and quotient rules for radicals.

B W N =

Square Roots

The square root' of a number is that number that when multiplied by itself yields
the original number. For example, 4 is a square root of 16, because 4> = 16. Since

(—4)* = 16, we can say that -4 is a square root of 16 as well. Every positive real
number has two square roots, one positive and one negative. For this reason, we use
the radical sign \/' to denote the principal (nonnegative) square root” and a

negative sign in front of the radical — \/' to denote the negative square root.

J16 =4 Positive square root of 16
~J16 = -4 Negative square root of 16

Zero is the only real number with one square root.

\/6 =0 because 0°=0

If the radicand’, the number inside the radical sign, is nonnegative and can be
factored as the square of another nonnegative number, then the square root of the
number is apparent. In this case, we have the following property:

\/?=a, if a=0
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Chapter 8 Radical Expressions and Equations

8.1 Radicals

Example 1: Find the square root.

2 /36

b. /144

c. 1/0.04

d \/g

Solution:

a. /36 = V6* = 6
b.y/144 = V122 = 12

c. /0.04 = V(0.2 = 0.2

5 =y/(37 =4

Example 2: Find the negative square root.

a. —\/4
b.—/1

Solution:

a.—\/_=—\/?=—2
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Chapter 8 Radical Expressions and Equations

4. The number that, when used as
a factor with itself three times,
yields the original number; it is
denoted with the symbol \3/— .

5. The positive integer n in the

notation \"/- that is used to

indicate an nth root.

8.1 Radicals

b.—y1=-V12=-1

The radicand may not always be a perfect square. If a positive integer is not a

perfect square, then its square root will be irrational. For example, \/5 is an
irrational number and can be approximated on most calculators using the square
root button.

J2~1414 because 1.41472=~2

Next, consider the square root of a negative number. To determine the square root
of -9, you must find a number that when squared results in -9:

J9=7 or (7)=-9

However, any real number squared always results in a positive number:

(3 =9 and (-3)'=9

The square root of a negative number is currently left undefined. For now, we will

state that 1/—9 is not a real a number.

Cube Roots

The cube root” of a number is that number that when multiplied by itself three
times yields the original number. Furthermore, we denote a cube root using the
symbol \%/' , where 3 is called the index’. For example,

J125 =5, because 5 =125

The product of three equal factors will be positive if the factor is positive and
negative if the factor is negative. For this reason, any real number will have only
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Chapter 8 Radical Expressions and Equations

one real cube root. Hence the technicalities associated with the principal root do
not apply. For example,

J-125=-5, because (-5)" =-125

In general, given any real number a, we have the following property:
3/a3 —4

When simplifying cube roots, look for factors that are perfect cubes.

Example 3: Find the cube root.

b. /64

d.\ﬁ

Solution:
a\27=v3 =3
b /64 = V43 =4
c.v0=v0 =0

8.1 Radicals 1260



Chapter 8 Radical Expressions and Equations

8.1 Radicals

=

i =V =

Example 4: Find the cube root.
a.\/—8
b. v/—1

Solution:
a.v/—8 = V(=2 = =2
b.v/—1= V(1) =-1

It may be the case that the radicand is not a perfect cube. If an integer is not a

W=

perfect cube, then its cube root will be irrational. For example, \75 is an irrational
number which can be approximated on most calculators using the root button.
Depending on the calculator, we typically type in the index prior to pushing the
button and then the radicand as follows:

3 1yl 2 [4]

Therefore, we have

32 ~1260, because 1.26073~2
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Chapter 8 Radical Expressions and Equations

6. The number that, when raised
to the nth power, yields the
original number.

7. Used when referring to an
expression of the form \"/E

8.1 Radicals

nth Roots

For any integer n > 2, we define the nth root® of a positive real number as that
number that when raised to the nth power yields the original number. Given any
nonnegative real number a, we have the following property:

Va" =a, if a=0

Here n is called the index and " is called the radicand. Furthermore, we can refer
to the entire expression \"/Zl as aradical’. When the index is an integer greater

than 3, we say “fourth root”, “fifth root”, and so on. The nth root of any number is
apparent if we can write the radicand with an exponent equal to the index.

Example 5: Find the nth root.

b. /32

e v/1

d.\y%

Solution:

a. /81 =V3" =3
b.y32=v2 =2
e Vi=v1 =1
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Chapter 8 Radical Expressions and Equations

8. The positive nth root when n is
even.

8.1 Radicals

If the index is n = 2, then the radical indicates a square root and it is customary to
write the radical without the index, as illustrated below:

Ya=\a

We have already taken care to define the principal square root of a number. At this
point, we extend this idea to nth roots when n is even. For example, 3 is a fourth

root of 81, because 3* = 81. And since (—3)* = 81, we can say that -3 is a fourth
root of 81 as well. Hence we use the radical sign \'7' to denote the principal

(nonnegative) nth root® when n is even. In this case, for any real number a, we use
the following property:

Ja" = ‘a| When n is even

For example,

Y81=4/(-3)" =|-3=3

The negative nth root, when n is even, will be denoted using a negative sign in front

of the radical — \»7' .
481 = -4f3* = 3

We have seen that the square root of a negative number is not real because any real
number, when squared, will result in a positive number. In fact, a similar problem
arises for any even index:
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Chapter 8 Radical Expressions and Equations

8.1 Radicals

Y81=2 or (2)=-81

Here the fourth root of -81 is not a real number because the fourth power of any
real number is always positive.

\ These radicals are not real numbers.
-81

Example 6: Simplify.
a.\/—16
b. —/16

Solution:

a. The radicand is negative and the index is even. Therefore, there is no real
number that when raised to the fourth power is -16.

Y-16 Not a real number

b. Here the radicand is positive. Furthermore, 16 = 24, and we can simplify as
follows:

416 =-42* = 2

When n is odd, the same problems do not occur. The product of an odd number of
positive factors is positive and the product of an odd number of negative factors is
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Chapter 8 Radical Expressions and Equations

negative. Hence when the index n is odd, there is only one real nth root for any real
number a. And we have the following property:

'(/a_" =aqa When n is odd

Example 7: Find the nth root.
a. \/—32
b.v/—1

Solution:

a.v/=32=1/(=2 =2
b.vV—-1=1v/(-1) = -1

Try this! Find the fourth root: 1/625.

Answer: 5

Video Solution

(click to see video)

Summary: When n is odd, the nth root is positive or negative depending on the
sign of the radicand.

8.1 Radicals 1265
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When n is even, the nth root is positive or not real depending on the sign of the
radicand.

fre=42)" =|-2-

=16  The radical is not a real number.

Simplifying Using the Product and Quotient Rule for Radicals

It will not always be the case that the radicand is a perfect power of the given index.
If not, we use the following two properties to simplify them. If a and b represent
positive real numbers, then we have

Product rule for radicals’. |\/a - b = \”/El . \H/E

n
a_\/a

Quotient rule for radicals'’: | "/ <

T

A radical is simplified"" if it does not contain any factor that can be written as a
perfect power of the index.

9.\/a-b= \"/Zl \"/l;,where

a and b represent positive real
numbers.

. {/a
10. \/% T where g and b Example 8: Simplify: 1/12.

represent positive real

numbers.

Solution: Here 12 can be written as 4 - 3, where 4 is a perfect square.

11. A radical where the radicand
does not consist of any factor
that can be written as a perfect
power of the index.

8.1 Radicals 1266
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8.1 Radicals

J12=443 Apply the product rule for radicals.
=43 Simplify.
=2.3

We can verify our answer on a calculator:

J12~346 and 2-3=~3.46

Also, it is worth noting that

346"2=12

Answer: 2 \/§

Example 9: Simplify: 1/135.

Solution: Begin by finding the largest perfect square factor of 135.

135=3°-5
=132.3.5
=9-15

Therefore,

135 =4/9-15 Apply the product rule for radicals.
=915 Simplify.
=3.4/15
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Chapter 8 Radical Expressions and Equations

Answer: 34/15

Solution: Begin by finding the prime factorizations of both 50 and 121. This will
enable us to easily determine the largest perfect square factors.

50=5-2
121=11°
Therefore,
2
S0 = 572 Apply the product and
121 V11 :
quotient rule for radicals.
2
= @ Simplify.
V11°
542
11
Answer: BT

Example 11: Simplify: 1/162.

Solution: Use the prime factorization of 162 to find the largest perfect cube factor:

8.1 Radicals 1268



Chapter 8 Radical Expressions and Equations

162=3*-2
-3’32

Replace the radicand with this factorization and then apply the product rule for
radicals.

J162 =3/3*-3.2 Apply the product rule for radicals.
=33 .32 Ssimplip.
=3.3/6

We can verify our answer on a calculator.

3162 ~5.451 and 3-3/6 ~5.451

Answer: 3 \3/8

Try this! Simplify: 2 1/96.

Answer: 4 \3/ 12

Video Solution

(click to see video)

Example 12: Simplify: v/ —96.

Solution: Here we note that the index is odd and the radicand is negative; hence
the result will be negative. We can factor the radicand as follows:
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~96=-32-3=(-2)"-3

Then simplify:

J-24 =3 (—2)5 -3 Apply the product rule for radicals.

—2)" -3 Simplify.

Il
wn
~

Example 13: Simplify: 7/ — 6%.

Solution: In this case, consider the equivalent fraction with —8 = (=2)’ in the
numerator and then simplify.

\ _6_84 =3 ;_j Apply the quotient rule for radicals.
3 _2 3
= €2) Simplify.
3 43 ¢
_=2
4
-
2

Answer: -1/2

8.1 Radicals 1270
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8.1 Radicals

Try this! Simplify 1/—108.

Answer: —3 \3/4_1

Video Solution

(click to see video)

KEY TAKEAWAYS

The square root of a number is that number that when multiplied by
itself yields the original number. When the radicand a is positive,

\/a—z = a When the radicand is negative, the result is not a real
number.

The cube root of a number is that number that when used as a factor
with itself three times yields the original number. The cube root may be
positive or negative depending on the sign of the radicand. Therefore,

—
for any real number a, we have the property \/ @ =a
When working with nth roots, n determines the definition that applies.

We use \”/a" = awhen n is odd and \”/a” = |alwhen n is even.

When n is even, the negative nth root is denoted with a negative sign in
front of the radical sign.

To simplify square roots, look for the largest perfect square factor of the
radicand and then apply the product or quotient rule for radicals.

To simplify cube roots, look for the largest perfect cube factor of the
radicand and then apply the product or quotient rule for radicals.

To simplify nth roots, look for the factors that have a power that is equal
to the index n and then apply the product or quotient rule for radicals.
Typically, the process is streamlined if you work with the prime
factorization of the radicand.
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TOPIC EXERCISES

Part A: Radicals
Simplify.

L /BT

2. \/T00
N

o /121
NG

o1

10.4/235
11. \/;
12. %
14. %

8.1 Radicals 1272
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8.1 Radicals

5./ 225
16./9
7. ~/36
15—/
19, —/T00
20— /T
21. v/ 27

22.4/125
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8.1 Radicals

/T
32. \3/—_8

33. 4/ =27
34. v/ —64
35. 4° —%
36. 4 —2—1
37. 4 —%
38. 4 —%
59, /8T
40. \4/@

42. /10,000

0. /32
44, \S/T

5. $/333

46. /100,000
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8.1 Radicals

17.-v/16
18.—/1

19. /=32
50.v/—1
51.4/—1
52.v/—16
53.—5 v/—27
54.—2 v/—8
55.5 v/—1,000
56.3 v/ —243
57.10 v/—16

58.2 \/ —64
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Chapter 8 Radical Expressions and Equations

8.1 Radicals

64. —4 \4/ 625
65.6 /100,000

66. 5 \7/ 128
Part B: Simplifying Radicals

Simplify.

o/

76. 10\/@

/ 50
77. 49

78. —2\/@

1276
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8.1 Radicals

79. —3\/@
80. %

/ 45
81. D1

96
82. 31

83.v/54
84.v/24

85. /48
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Chapter 8 Radical Expressions and Equations

95.8\4/9_6

96. 7 \4/16_2

97. v/ 160

98. v/ 486
5/ 224
99-4/ 243
/5
100. 37

Simplify. Give the exact answer and the approximate answer rounded to the nearest

hundredth.

101. /8

102. \/ﬁ

103. \/E

105. \/g
106. \/g
107. \/%
109. \3/ 80

8.1 Radicals 1278
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8.1 Radicals

110, 3/320

111. \S/E
112. 4/ 270

Rewrite the following as a radical expression with coefficient 1.

113.2\/E

114.3\/7

115.5\/5
116. 10\/5
117.2 \3/7

118.3 \3/6

119.2 {4/5
120.3 \4/5

121. The formula for the area A of a squareis A = s% . If the area is 18
square units, then what is the length of each side?

122. Calculate the length of a side of a square with an area of 60 square
centimeters.

123. The formula for the volume V of a cube is V = s> . If the volume of a
cube is 112 cubic units, then what is the length of each side?

124. Calculate the length of a side of a cube with a volume of 54 cubic
centimeters.
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Chapter 8 Radical Expressions and Equations

Part C: Discussion Board
125. Explain why there are two square roots for any nonzero real number.
126. Explain why there is only one cube root for any real number.

127. What is the square root of 1, and what is the cube root of 1? Explain
why.

128. Explain why \/ —1 is not a real number and why \3/ —1 isareal
number.

8.1 Radicals 1280
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ANSWERS

1: 9

3:8

5:0
7:0.5
9:1.1
11:1/2
13:5/4
15: Not a real number
17: -6
19:-10
21:3
23: 4
25:1/2
27:2/3
29:0.1
31:-1
33:-3
35:-1/2

37:-2/3

8.1 Radicals 1281
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8.1 Radicals

39:

41:

43:

45;

47:

49:

51:

53:

55:

57:

59:

61:

63:

65:

=7

Not a real number

15

-50

Not a real number

15
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8.1 Radicals

23/7
3

99:

101:2\/5 ~ 2.83
103:3\/5 ~ 6.71
105: g ~ 0.87

Y2 113

107: 5
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109: 2 {/ﬁ ~ 4.31
111: 2 \76 ~ 3.63

113: \/@

15 /350
17: ¢/56

119: /30

121: 3 \/5 units

123:2 y 14 units

8.1 Radicals 1284
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8.2 Simplifying Radical Expressions

LEARNING OBJECTIVES

1. Simplify radical expressions using the product and quotient rule for
radicals.

2. Use formulas involving radicals.

3. Evaluate given square root and cube root functions.

Simplifying Radical Expressions

An algebraic expression that contains radicals is called a radical expression'’. We
use the product and quotient rules to simplify them.

Example 1: Simplify: 1/8y3.

Solution: Use the fact that \/d® = awhen n is odd.

38y =32y’ Apply the product rule for radicals.
= i/2—3 : i/? Simplify.

:2y

Answer: 2y

Example 2: Simplify: 1/9x2.
Solution: The square root has index 2; use the fact that \/a@" = lalwhen n is even.

12. An algebraic expression that
contains radicals.
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Chapter 8 Radical Expressions and Equations

VOx® =+/3%x Apply the product rule for radicals.
= \/3_2 . \/x—2 Simplify.
=3|x]

Since x is a variable, it may represent a negative number. Thus we need to ensure
that the result is positive by including the absolute value operator.

Answer: 3 Ixl

Important Note

Typically, at this point beginning algebra texts note that all variables are
assumed to be positive. If this is the case, then x in the previous example is
positive and the absolute value operator is not needed. The example can be
simplified as follows:

\/9x2 = \/32x2
=3

X

In this section, we will assume that all variables are positive. This allows us to
focus on calculating nth roots without the technicalities associated with the
principal nth root problem. For this reason, we will use the following property
for the rest of the section:

\"/7 =a, if a>0 nth root

When simplifying radical expressions, look for factors with powers that match the
index.

Example 3: Simplify: 1/18x3y%.

8.2 Simplifying Radical Expressions 1286
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Solution: Begin by determining the square factors of 18, x>, and y*.

18=2-3°

©=x*x Square factors
D,

y'=0"

Make these substitutions and then apply the product rule for radicals and simplify.

J18x°y* = \/2 3extxe (yz)2 Apply the product rule for radicals.
=32 ) V2x  Simplify.

= 3. x ) 2%
:3xy2\/ﬂ

Answer: 3xy%4/2x

Solution: Begin by determining the square factors of 4, @, and bS.

4=2°

5_ 2 2 By 2 -
a=a-a-a=@a) -a Square factors

B=b b =(b)

Make these substitutions and then apply the product rule for radicals and simplify.
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4 S
bcz = Apply the product and
quotient rule for radicals.
= Simplify
22\

Answer: —
b.

Example 5: Simplify: 1/80x°y”.

Solution: Begin by determining the cubic factors of 80, x>, and y’.
80=2*.5=2".25

X =x-x Cubic factors

3
y'=yy=07 1y

Make these substitutions and then apply the product rule for radicals and simplify.

W = g/z3 s P oBagax® (y2)3 -y A}iﬁié}lfpmduct rule for
2{/2—3{/7#()/7% Simplify.
= 2. x - ) m

=2x2f10°y

Answer: 2xy? - 1/10x2y

8.2 Simplifying Radical Expressions 1288
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Solution: The coefficient 9 = 3% and thus does not have any perfect cube factors. It
will be left as the only remaining radicand because all of the other factors are cubes,

as illustrated below:

x*=(x)
¥y =(y)
2’ = (23 )3

Cubic factors

Replace the variables with these equivalents, apply the product and quotient rule

for radicals, and then simplify.

x2-4/0

yzl

Answer:

8.2 Simplifying Radical Expressions
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Example 7: Simplify: V/814*5.

Solution: Determine all factors that can be written as perfect powers of 4. Here it is
important to see that 5 = b* - b. Hence the factor b will be left inside the radical.

481a°p° =43* . a* -b* - b
— 43¢ .4t Yt b
—3.q0-b-4b

Answer: 3ab - \4/5

Example 8: Simplify: /—32x3y0z5.

Solution: Notice that the variable factor x cannot be written as a power of 5 and
thus will be left inside the radical. In addition, for y® = y° - y; the factor y will be
left inside the radical as well.

§322°9°7 = ()" Xy oy
_ 5/(_2)5 i/?{/z_ssfx% y
z_z.y.z.S/x3.y

Answer: —2yz - \/X3y

Try this! Simplify: 1/192x6y7z12. (Assume all variables are positive.)

Answer: 8x3y2764/3y

8.2 Simplifying Radical Expressions 1290
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Video Solution

(click to see video)

Tip

To easily simplify an nth root, we can divide the powers by the index.
V& =a, whichis da? =4
Vb® =b*, whichis 5% = b?

6 o o =y
\/c6zc, whichis %% = ¢!

If the index does not divide into the power evenly, then we can use the quotient
and remainder to simplify. For example,

V& = - \fa, whichis & ="
Vb> =b-v/b*,  whichis b3 =p!"?
Vet =62 \5/0—4, whichis ¢! =2

The quotient is the exponent of the factor outside of the radical, and the
remainder is the exponent of the factor left inside the radical.

Formulas Involving Radicals
We next review the distance formula. Given two points (x;, y;)and (x2, y,),
(%3, )

Yo =)

(x5, 0)

The distance, d, between them is given by the following formula:

8.2 Simplifying Radical Expressions 1291
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Distance formula®™: | = \/(Xz —x1) + (v, — y1)2

Recall that this formula was derived from the Pythagorean theorem.

Example 9: Calculate the distance between (-4, 7) and (2, 1).

Solution: Use the distance formula with the following points.

(x5 v)) (X5, 7,)
(-4,7) 2,1

It is a good practice to include the formula in its general form before substituting
values for the variables; this improves readability and reduces the probability of
making errors.

d=\(-x) +( -2’
=(2- 4 +(1-7)
= J@+4) +(1-7)

=\ (6) + (6
=/36+36
_ 3
13. Given two points (X1, y;)and =+/36
(x2, y,),calculate the 6 \/5

distance d between them using =
the formula d =

\/(xz —x1) + (v, _yl)z'

-2
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Answer: 64/2 units

Example 10: The period, T, of a pendulum in seconds is given by the formula

where L represents the length of the pendulum in feet. If the length of a pendulum
measures 6 feet, then calculate the period rounded off to the nearest tenth of a
second.

8.2 Simplifying Radical Expressions 1293
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Solution: Substitute 6 for L and then simplify.

~
I
)
3

Reduce.

Il
)
S

Apply the quotient rule for radicals.

I
)
N

Simplify.

I
)
S

Rl o=y [P P P TS

)
5

Use a calculator.

n
o
~N
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Answer: The period is approximately 2.7 seconds.
Square Root and Cube Root Functions

We begin with the square root function'*:

S(x)=x

We know that the square root is not a real number when the radicand x is negative.
Therefore, we conclude that the domain consists of all real numbers greater than or
equal to 0. Here we choose 0 and some positive values for x, calculate the
corresponding y-values, and plot the resulting ordered pairs.

x  |y=f(x) Ordered pairs
0 0 £0)=40=0 (0, 0)
| 1 Fy=+1=1 (1,1
4 2 f@)=+4=2 (4,2)
9 3 f9)=49=3 ©, 3)
16 4 f16)=+/16 =4 (16, 4)

After plotting the points, we can then sketch the graph of the square root function.

14. The function f(x) = \/)7 .
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Example 11: Given the function f(x) = \/x + 2, find f(—2), f(2), and f(6).
Solution: Replace x with each of the given values.
f(xX)=+x+2

f(2y=v2+2=y0=0
f@)=2+2=4=2
f©)=v6+2=\8=v4-2=22

Answer: f(—2) = 0,£(2) = 2,and f(6) = 21/2

Next, consider the cube root function':

15. The function f(x) = \3/)7 .
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fx)=x

Since the cube root could be either negative or positive, we conclude that the
domain consists of all real numbers. For completeness, choose some positive and
negative values for x, as well as 0, and then calculate the corresponding y-values.

x |y=f(x) Ordered pairs
8 | 2 f(-8)=V-8=-2 (-8,-2)
-1 | = f(-D)=3-1=-1 (-1,-1)

0 0 £(0)=30=0 (0, 0)
fO=3=1 (1.1
8 2 f®) =8 =2 (8,2)

Plot the points and sketch the graph of the cube root function.

P | 1 1 1 [ [

Example 12: Given the function g(x) = v/x — 1, find g (=7), g (0),and g (55).
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Solution: Replace x with each of the given values.
g(x)=R/x-1

g(-1)=¥-7-1=¥8=y(-2" =2
g(0)=3Y0-1=Y"1=3/1) =-1
g(55)=355-1=Y54=327-2 =332 =332

Answer: g (=7) = =2,g(0) = —1,and g (55) = 3+/2

KEY TAKEAWAYS

« In beginning algebra, we typically assume that all variable expressions
within the radical are positive. This allows us to focus on simplifying
radicals without the technical issues associated with the principal nth
root.

« To simplify radical expressions, look for factors of the radicand with
powers that match the index. If found, they can be simplified by
applying the product and quotient rules for radicals, as well as the

property \/ @' = @ where a is positive.
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TOPIC EXERCISES

Part A: Simplifying Radical Expressions

Simplify. (Assume all variables represent positive numbers.)

1.1/3642

2./ 121b°

o
WL
5.4/180x3

6.1/150y3

7./4983b*

8. Vad'bc

o \/3555y7
10.4/50x6y%
11. /64725515
12. /14478552
13/ + 17
14.4/2x + 3)%
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8.2 Simplifying Radical Expressions

16./9(2x + 3)?

17. 295’;32
18. gﬁ;
o
20. 1/ 14;2"9
21. 22r.’52ts45
22.\/3;?;2
23.v/278
22. /12503

25. 4/250x4y3
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8.2 Simplifying Radical Expressions

3

N

33

34

35

36

37

38.

39

40

41

42

43

44

45,

46.

47.

.\3/a7b5c3

3 8)64
27y3

3f _x3
’ 125y6

/36075 512413

/54073 5219

.v/81x4
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48.7\/9}/_2

49. —Sx\/m
o ey
51.12ab\/ @b’
52.6a2b\/W
53.2x - \3/8x_6

54, —5x72 - \g’/ﬁ
55.2ab - \/ —8d*b°

56.5a%b - \/ =27a3b>

Rewrite the following as a radical expression with coefficient 1.

57.5\/5
58.2\/5
59. Zx\/§

60. 3y\/5

61. ab\/m
62.2ab* \/Zz

63. mzn\/mn
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64.2m?n> \/ 3n
65. 5 \3/ 2x

66. 3 \3/ 5y
67.2x - \3/5

68. 3y - \3/ 2
Assume that the variable could represent any real number and then simplify.
69. \/4x_2

70. \/ W
/83

72. \3/ 1254

73, v/ 64x*

4. {/BIYF

75. \/ 36a
76.4/100a%

77. \/ 4t

78. v a'©

79.V/ 184>
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8.2 Simplifying Radical Expressions

80. \/ 4845 b3

81. /128x 68

82. V/ b’ 8

Part B: Formulas Involving Radicals

The y-intercepts for any graph will have the form (0, y), where y is a real number.
Therefore, to find y-intercepts, set x = 0 and solve for y. Find the y-intercepts for the
following.

83.y=\/x+4—1

84.y=\/x+1 -3

85.y=\3/x—1+2

86.y = \3/ x+1-3

Use the distance formula to calculate the distance between the given two points.
87.(5,-7) and (3, -8)

88.(-9,7) and (-8, 4)

89. (-3, -4) and (3, -6)

90. (-5,-2) and (1, -6)

91. (-1, 1) and (-4, 10)

92.(8,-3) and (2, -12)

Factor the radicand and then simplify. (Assume that all expressions are positive.)

93.4/x2 — 6x + 9
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94.1/x2 — 10x + 25

95./4x2 + 12x + 9

96./9x2 + 6x + 1

97. The speed of a vehicle before the brakes were applied can be estimated
by the length of the skid marks left on the road. On dry pavement, the speed,

v, in miles per hour can be estimated by the formula v = 5 \/ d, whered
represents the length of the skid marks in feet. Estimate the speed of a
vehicle before applying the brakes on dry pavement if the skid marks left
behind measure 36 feet.

98. The radius, r, of a sphere can be calculated using the formula
. V6r2Vv
- 2z’

a sphere if the volume is 3677 cubic centimeters?

where V represents the sphere’s volume. What is the radius of

The period, T, of a pendulum in seconds is given by the formula

3
T =27 =
™\ 32

where L represents the length in feet. Calculate the period, given the following
lengths. Give the exact value and the approximate value rounded off to the nearest
tenth of a second.

99. 8 feet
100. 32 feet
101. 1/2 foot
102. 1/8 foot

The time, t, in seconds that an object is in free fall is given by the formula
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8.2 Simplifying Radical Expressions

where s represents the distance it has fallen in feet. Calculate the time it takes an
object to fall, given the following distances. Give the exact value and the
approximate value rounded off to the nearest tenth of a second.

103. 48 feet

104. 80 feet

105. 192 feet

106. 288 feet

Part C: Radical Functions

Given the function, calculate the following.

107.£() = /x = 1, findf(1),£(2), and f(5)
108.£(x) = \/x + 5, find f(=5),f(—1), and f(20)
109.f(x) = 4/x + 3,find f(0),£(1), and f(16)
110.f(x) = 4/x — 5,find f(0),£(1), and f(25)

111 g(x) = v/, find g(=1), £(0), and g(1)

112. g(x) = v/x + 7, find g(—15), g(=7), and g(20)
113. g(x) = /X — 2, find g(—1), g(0), and g(8)

114. g(x) = v/x — 1 + 2,find g(0), 2(2),and g(9)

For each function, fill in the table.
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15.f(x) = Vx + 1
x | fx)

15

116.f(x) = \/x -2
S(x)

— O\ W N =

118.f(x) = \3/x + 2
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8.2 Simplifying Radical Expressions

x | f)

Part D: Discussion Board

119. Give a value for x such that \/ x2 # x.Explain why it is important to
assume that the variables represent positive numbers.

120. Research and discuss the accomplishments of Christoph Rudolff. What
is he credited for?

121. Research and discuss the methods used for calculating square roots
before the common use of electronic calculators.

122. What is a surd, and where does the word come from?
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ANSWERS

1:6a

3:.xy

5 6x\/§

7 7ab\/c_z

9: 3x2y\/%
11: 875312 \/E
13:x + 1
15:2(3x — 1)

3x\/;
y

5

17:

19:

il
23:3a

25:5xy - \3/ 2x
27:4xy? 73

29: 2xy - \3/)7

31:abc? - \3/ ab?
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33:

35:

37:

39:

41:

43:

45:

47:

49:

51:

53:

55:

57:

59:

61:

63:

65:

2x- \3/)7

3y

2rsttt - /45121

3x

2xy?

abc - \4/@
2x - \/8x2

om?

—6x
—10x2\/)_7
1283 b%/ab
4x3

~4b* - ab?

\/350x

v 12x2
V102 b*
Vmn3

\3/ 250x

1310



Chapter 8 Radical Expressions and Equations

8.2 Simplifying Radical Expressions

67: \3/24x3

69: 2 |x|

71: 2y

73: 2 Ixl

75: 6a°

77:2 |a3|

79: 32 b*/2b
s1:2 |xy| - /2y
83:(0,1)

85: (0, 1)
57:1/5

89: 2\/5

91: 3\/%

93:x — 3

95:2x + 3

97: 30 miles per hour
99: 7 ~ 3.1 seconds

101: 7/4 ~ 0.8 seconds

103: \/§ ~ 1.7 seconds
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8.2 Simplifying Radical Expressions

105:24/3 & 3.5 seconds

107: (1) = 0,£(2) = 1,and f(5) = 2
100:£(0) = 3,f(1) = 4,and f(16) = 7
111:g(—1) = —1,8(0) = 0,and g(1) = 1

113: g(—1) = =3,2(0) = =2,and g(8) = 0

115:
x | f(x)

-1 0

0 1

2

3

15 4

117:

x | f®)

-8 —1

=1 0

0 1

1 2

8 3
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8.3 Adding and Subtracting Radical Expressions

16. Radicals that share the same
index and radicand.

17. Term used when referring to
like radicals.

LEARNING OBJECTIVES

1. Add and subtract like radicals.
2. Simplify radical expressions involving like radicals.

Adding and Subtracting Radical Expressions

Adding and subtracting radical expressions is similar to adding and subtracting like
terms. Radicals are considered to be like radicals'®, or similar radicals'’, when

they share the same index and radicand. For example, the terms 3 \/g and 4\/5
contain like radicals and can be added using the distributive property as follows:

35 +45 =(3+4)1/5
=75

Typically, we do not show the step involving the distributive property and simply
write

35 +45 =745

When adding terms with like radicals, add only the coefficients; the radical part
remains the same.

Example 1: Add: 3\/—2_ + 2\/5.

Solution: The terms contain like radicals; therefore, add the coefficients.
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342 + 22 =542

Answer: 5 \/E

Subtraction is performed in a similar manner.

Example 2: Subtract: 2\/7 — 3\/7.

Solution:

2J7-3J7=(2-3)V7
=—1J7
=7

Answer: — \/7

If the radicand and the index are not exactly the same, then the radicals are not
similar and we cannot combine them.

Example 3: Simplify: 10\/§ + 6\/5 - 9\/§ - 7\/5.

Solution:
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105 + 642 =945 =742 = 1045 =95 + 642 =742
= 5 - 2

We cannot simplify any further because \/g and /2 are not like radicals; the
radicands are not the same.

Answer: \/_ - \/5

Caution

It is important to point out that \/_ - \/5 # \/5 — 2. We can verify this by

calculating the value of each side with a calculator.

V5 -2 =082
J5-2=3=1.73

In general, note that \"/Zl + \"/1; #*1/a+b

Example 4: Simplify: 3 v/6 + 21/6 — /6 — 31/6
Solution:
336 + 246 /6 -3/6 =336 -6 + 26 -3./6
= 26 -6

We cannot simplify any further because \3/6 and /6 are not like radicals; the
indices are not the same.

Answer: 2 {/6 - \/6
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Often we will have to simplify before we can identify the like radicals within the
terms.

Example 5: Subtract: 1/12 — 4/48.

Solution: At first glance, the radicals do not appear to be similar. However, after
simplifying completely, we will see that we can combine them.

V12 -48 =43 -163
=2\3-43
=23

Answer: —2\/.;)_

Example 6: Simplify: \/—2_0_ + \/ﬁ - 3\/5 - 2\/5.

Solution:

V20 +427 =35 212 =45 + /9.3 35243 Simplify.
=25+33-3J5-2.243
=25 —3:/5+3y3-43 Combine
_ \/g_ \/?—) like terms.

Answer: —\/5 - \/§
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Try this! Subtract: 24/50 — 6\/§.
Answer: —2\/5

Video Solution

(click to see video)

Next, we work with radical expressions involving variables. In this section, assume
all radicands containing variable expressions are not negative.

Example 7: Simplify: —6 v/2x — v/3x + 7 v/2x.
Solution:
—632x - PBx +72x = -632x +732x -P3x
= x -

We cannot combine any further because the remaining radical expressions do not
share the same radicand; they are not like radicals. Note that

V2x - \x £ 2x - 3x
Answer:\3/2_— \3/56_

We will often find the need to subtract a radical expression with multiple terms. If
this is the case, remember to apply the distributive property before combining like
terms.
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Example 8: Simplify: <9\/— - 2\/§> - (10 X+ 7\/§>

Solution:

(OVx =2y )= ((0Vx + 7y )=90Vx =2y =10vx =7y Distribute.

=9x —10x - 2\/; - 7\/; Combine
like terms.
=—Jx-9y

Answer: —\/)7 - 9\/)7

Until we simplify, it is often unclear which terms involving radicals are similar.

Example 9: Simplify: 5 \72— - (\3/54 - f/ﬁ)

Solution:

53 2)/—(3/54)/_%):5%_‘3/543} +%/B Distribute.
=532y -3 -2y +¥2° -2 Simplify.

=532y =332y + offa Combine like terms.
=232y +22

Answer: 2 /2y + 2 \75

Example 10: Simplify: 2a+/125a2b — a®>\/80b + 41/20c*h
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Solution:

2a125a*b — a*~J80b +4+20a'h
=2a\25-5-a> - b-a’16-5-b+4,[4-5-(@) b Factor.

=2a-5-a\5h —a* - 45h +4-2-a*5b Simplify.
=10a" \/5 —4a*/5b + 8a2\/§ Combine like terms.
=14a*\/5b

Answer: 14d* \V5b

Try this! Simplify: /453 — (\/20x3 - \/sox).

Answer: x1/5x + 44/5x

Video Solution

(click to see video)
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Tip

Take careful note of the differences between products and sums within a
radical.

Products Sums

x2y2 =xy | VX2 +y2#x+y
Jx3y3 =xy | /x3+y3FEx+y

The property \/a - b = \"/Zl . \"/E says that we can simplify radicals when the

operation in the radicand is multiplication. There is no corresponding property
for addition.

KEY TAKEAWAYS

¢ Add and subtract terms that contain like radicals just as you do like
terms. If the index and radicand are exactly the same, then the radicals
are similar and can be combined. This involves adding or subtracting
only the coefficients; the radical part remains the same.

« Simplify each radical completely before combining like terms.
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TOPIC EXERCISES

Part A: Adding and Subtracting Like Radicals
simplify.

1.9v/3 +5¢/3

2.124/6 +31/6

3.44/5 = 74/5

1.31/10 — 84/10

5.4/6 —41/6 +21/6

6.54/10 — 154/10 — 24/10

7.13y/7 — 64/2 = 54/7 + 5/2
8.104/13 — 124/15 + 54/13 — 184/15
9.64/5 — (4\/§ - 3\/5)

10.-124/2 — (6\/6 + \/5>

11, (2\/5 - 3\/@) - <\/ﬁ + 3\/5)
12. (—8\/5 + 6\/E> - (\/§ - /15)
13.4v/6 —3+v/5 +6/6

14.\3/E+5\3/E—4\3/E
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15.(7\35—4\36) - (\3/5—3\3/5)
10.(-8 Y5+ 35) - (295 +635)
Simplify. (Assume all radicands containing variable expressions are positive.)
17.9\/)7 + 7\/)7

18. —8\/)7 + 4\/)7

19. 7x\/)7 — 3x\/)_1 + x\/)_z

2.10y2/% — 1252 4/% — 257 +/%
21.2\/% - 5\/21 + 6\/% - 10\/21
22.=3x,/y +6,/y —4x\/y = 7,/y
23.5\/)? — (3 Xy — 7\/ﬁ>
24.—8a/b — (2a\/3 - 4\/5)

2. (312 - V3 ) - (VB - 73
6 (7 =4V ) - (V5 -5V )
2.5 /% — 12 §/%

28.-2 /5 =3 /3

29.a-\5/§+4a-\5/£—a-\5/§
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30. -8 v/ab + 3 \/ab — 2 \/ab

31.64/2a — 4 V/2a + 71/2a — y/2a

32.4 v/3a + V/3a — 9+/3a + v/3a

o (V55 - 47 ) - (245 - )
u (5967 = 5y7) = (2967 +3y7)
Part B: Adding and Subtracting Rational Expressions
Simplify.

35.4/75 — /12

36.1/24 — /54

37.4/32 + /27 — /8

38.4/20 + 1/48 — 1/45

39.4/28 — /27 + /63 — \/12

10.4/90 + /24 — /40 — /54
11.4/45 — /80 + /245 — /5
12.4/108 + /48 — /75 — /3

13.44/2 — (\/E - \/i)

1.-3y/5 = (V20 - /50)
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15.v/16 — /54

16.v/81 — v/24

47./135 + /40 — /5

18.v/108 — v/32 — /4

19.24/27 = 24/12

50.31/50 — 44/32

51.31/243 — 24/18 — /48
52.61/216 — 24/24 — 24/96
53.24/18 — 31/75 —21/98 + 44/48
54.24/45 — /12 +24/20 — 1/108
55. (2\/ﬁ - 3\/9_6> - (7\/5 - 2\/5)

56. (2\/@+ a/ﬁ) - (2\/5— 7@)
57.3 v/54 +5+/250 —4+/16
58.4 v/162 — 2 v/384 — 3+/750

Simplify. (Assume all radicands containing variable expressions are positive.)

s5. /315 + /b

60.1/100a + 4/a
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61./9a2b — \/36¢2b

62.1/50a2 — \/182
65.\/B% = [T + /% - Iy

64.\/9x + /64y — \/25x — \/y

65.71/8x — (3 T6y — A/E)

60 2685 = (3y/325 - V3TY)

67.2y/9m?n — 5m\/9n + \/m?n

68.41/18n2m — 2n\/8m + n\/2m

69.1/4x%y — 1/9xyZ — \/16x2y + 1/y2x
70.4/32x2y2 + /12x2y — 1/18x2y% — /27x2y
7 (Vo2 = /T6) - (V49x7y =4/

. (VIEDT = VT - (VSO + )
7./ 12m*n — m\/75m*n + 21/27m*n
74.5n\/27mn? + 27/ 12mn* — n\/3mn?

75.24/27d3b — a\/48ab — a\/144b

76.24/98d*b — 2a1/162a2b + a+/200b

77.4/125a — \3/%
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78.1/1000a% — /642

79.2x - v/54x — 2v/16x* +5+/2x*
80.x - V/54x3 — v/250x6 + x2 - y/2
o1, T&7 + /87

2. /3 =

83. V328 — /1628 + 524
84.V/80d'b + \/5d*b — a - /5b
85.V/27x3 + v/8x — v/125x3

86.v/24x — /128x — v/81x

87.4/27x%y — /8xy3 +x - \3/64xy —y- \3/)7

88. v/125xy3 + v/8x3y — /216xy3 + 10x - NG]

o (VIO — Y2052 ~ (Y/2T7 ~ {3807
0. (/3D = IOT) = (Y3 - x ¥/
Part C: Discussion Board

91. Choose values for x and y and use a calculator to show that

VEEY £+

92. Choose values for x and y and use a calculator to show that

VX2 +y2#£x+y.
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1:144/3
3:-24/5
5:—1/6
7:84/7 — /2
9:94/5 — 44/3
11: —1/5 — 44/10
13:10 /6 — 3 /5
15:6 v/9 — v/3
17:164/x
19:50,/y
21:8v/ab — 15/a
239 /3y
25:24/2x + 64/3x
27: =7 y/x
20:4a - \/3b

31:134/2a — 5/ 2a
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11:54/5
13:100/2 - 34/3
45:—/2
17:4+/5
19:24/3
51:231/3 — 64/2

63:8\/;—5\/)_1

65:201/2x — 12,/y
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67: —8m\/ﬁ
69: =2x/y — 2y4/x
71; —4x\/)7

73:3m%4/3n
75:2a7/3ab — 12a*\/ab
7.2 \/a

79:7x - v/2x

81: 5 \4/)7
83: 4 (4/%
85: —2x + 2 \3/;

87:7x - W—3y- \3/)7
89: 7x - A/6xy — 6x - y/2xy?
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8.4 Multiplying and Dividing Radical Expressions

LEARNING OBJECTIVES

1. Multiply radical expressions.
2. Divide radical expressions.
3. Rationalize the denominator.

Multiplying Radical Expressions

When multiplying radical expressions with the same index, we use the product rule
for radicals. If a and b represent positive real numbers,

a-lb=¥a-b

Example 1: Multiply: \/5 . \/6

Solution: This problem is a product of two square roots. Apply the product rule for
radicals and then simplify.

J2-J6=26 Multiply the radicands.
=J12 Simplify.
=~2%-3

=23

Answer: 2 \/5
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Example 2: Multiply: \3/5 . \3/6

Solution: This problem is a product of cube roots. Apply the product rule for
radicals and then simplify.

936 =396 Multiply the radicands.
=354 Simplify.
= 3'33 . 2
=332

Answer: 3 \75

Often there will be coefficients in front of the radicals.

Example 3: Multiply: 2\/§ . 5\/5.

Solution: Using the product rule for radicals and the fact that multiplication is
commutative, we can multiply the coefficients and the radicands as follows.

2\/§ . 5«/5 =2-5- \/5 . \/5 Multiplication is commutative.

—_— ——

= 10 -6 Multiply the coefficients and
the radicands.
-10v6

Typically, the first step involving the application of the commutative property is
not shown.

Answer: 10 \/6
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Example 4: Multiply: —2 1/5x - 3 v/25x2.

Solution:

2355 -3325x* =-63/125%° Multiply the coefficients and then
multiply the radicands.

=—6/5"x° Simplify.
=—6-5x
=-30x

Answer: —30x

Use the distributive property when multiplying rational expressions with more
than one term.

Example 5: Multiply: 4 \/—5 (2 \/—5 -3 \/6 )

Solution: Apply the distributive property and multiply each term by 4\/5 .

4J3 (23 -36)=43-23-43 36 Distribute.

=89 12418 Simplify.
=89 -124/9-2

=8-3-12-3v2

=24-36y2

8.4 Multiplying and Dividing Radical Expressions 1332



Chapter 8 Radical Expressions and Equations

Answer: 24 — 36\/—2_

Example 6: Multiply: v/4x2 (\3/ 2x — 5 y/4x2 )

Solution: Apply the distributive property and then simplify the result.

JYax? (Y2x —534x*) =4x* - Y2x —(4x*)-53/4x>
=:/8x> —5%/16x"
={/23x3 —5%/24x4
=2x-5-2x3/2x
=2x-10x3/2x

Answer: 2x — 10x - \3/ 2x

The process for multiplying radical expressions with multiple terms is the same
process used when multiplying polynomials. Apply the distributive property,
simplify each radical, and then combine like terms.

Example 7: Multiply: <\/§ + 2> (\/g - 4).

Solution: Begin by applying the distributive property.
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.
( 54 2&4)

(\/§+2)(\/g—4)=\/g'\/g—\/g'4+2~\/§—2-4 Distribute.

=25 - 454245 -8 Simplify.
545+ 25-8

- 4\/5 + 2\/§ Combine like terms.

5-8
—

3 - 25

Answer: —3 — 2\/5

2

Example 8: Multiply: <3\/)? - \/y )

Solution:

GVx =) =GVr =)V =)
=3Vx -3x = 3V/x - \/; - \/; 3x + \/; : \/; Distribute.
=ovVx? =35y =3y +)° Simplify.

=9x—-6xy +y

Answer: 9x — 6, /xy +y
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18. The factors (a + b) and
(a — b) are conjugates.

Try this! Multiply: <2 3+ 5\/5) <\/§ - 2\/—6->

Answer: 6 — 124/2 + 5\/6 — 20\/§

Video Solution

(click to see video)

The expressions (a + b) and (a — b) are called conjugates'®, When multiplying
conjugates, the sum of the products of the inner and outer terms results in 0.

Example 9: Multiply: <\/§ + \/g > <\/§ - \/g )

Solution: Apply the distributive property and then combine like terms.

(\/5+\/§X\/§—\/§)=\/§\/§—\/§\/§+\/§\/5—\/g\/§ Distribute.

=4 =10 +4/10 - /25 Simplify.
=2 -J10+10 -5

| S
opposites add to 0

=2-5

==

Answer: -3
It is important to note that when multiplying conjugate radical expressions, we

obtain a rational expression. This is true in general and is often used in our study of
algebra.
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(Va +b) Na o) =a® ~ab +ab -p*
=a-b

Therefore, for nonnegative real numbers a and b, we have the following property:

(fa +B)(fa ~B)- a-b

Dividing Radical Expressions (Rationalizing the Denominator)

To divide radical expressions with the same index, we use the quotient rule for
radicals. If a and b represent nonnegative numbers, where b # 0, then we have

Ya  [a

= n|—

dp \b

80
Example 10: Divide: £

/10

Solution: In this case, we can see that 10 and 80 have common factors. If we apply
the quotient rule for radicals and write it as a single square root, we will be able to
reduce the fractional radicand.

V80 80
_= — Apply the quotient rule for radicals
o\ / 0 pply the q fe

and reduce the radicand.
=8 Simplify.
=42
=22

8.4 Multiplying and Dividing Radical Expressions 1336



Chapter 8 Radical Expressions and Equations

Answer: 2 \/5

V16x3y3
Example 11: Divide: j/szyy .
Solution:
16 5.4 5.4
\/ 2V o [OFF Apply the quotient rule for radicals
J2xy 2xy
and cancel.

=,/8x*y’ Simplify.
=\/4~2-(x2)2-y2 .y

=2x"y\2y

Answer: 2x2y/2y

V54t
Vi6ah®

Example 12: Divide:

Solution:

8.4 Multiplying and Dividing Radical Expressions 1337



Chapter 8 Radical Expressions and Equations

3 341.5
Jsda'h a9 ab Apply the quotient rule for radicals
Nieas” N 16a%0
2 and then cancel.
3
=3 27ab Replace 277 and 8 with their
prime factorizations.

Simplify.

3b-3a
2

Answer:

When the divisor of a radical expression contains a radical, it is a common practice
to find an equivalent expression where the denominator is a rational number.
Finding such an equivalent expression is called rationalizing the denominator"’.

Radical expression Rational denominator

&Sl -
(0%

To do this, multiply the fraction by a special form of 1 so that the radicand in the
denominator can be written with a power that matches the index. After doing this,
simplify and eliminate the radical in the denominator. For example,

113 3 3

BoBB 3

19. The process of determining an
equivalent radical expression
with a rational denominator.
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Remember, to obtain an equivalent expression, you must multiply the numerator
and denominator by the exact same nonzero factor.

L . 3
Example 13: Rationalize the denominator: —.

\/j

Solution: The goal is to find an equivalent expression without a radical in the

denominator. In this example, multiply by 1 in the form %

V3_V3 V2
V222

£ 5

Multiply by %

Simplify.

Rational denominator

-5

@)

Answer: —

Example 14: Rationalize the denominator:

1
24/3x

Solution: The radicand in the denominator determines the factors that you need to
use to rationalize it. In this example, multiply by 1 in the form %

3x
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1 1 f3x . Jax
= . Multiply by ==
2J3x  23x f3x PIY &
V3x

24/3%x

3x

=

Simplify.

3x
6x

Answer:

Typically, we will find the need to reduce, or cancel, after rationalizing the
denominator.

5
=

Example 15: Rationalize the denominator:

\Sab
b

Solution: In this example, we will multiply by 1 in the form

5V2  5V2 5ab
J5ab - J5ab ' J5ab
_ 5\10ab
 250%
_ 5\10ab

Sab

V10ab

ab

Simplify.

Cancell.

8.4 Multiplying and Dividing Radical Expressions
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Notice that a and b do not cancel in this example. Do not cancel factors inside a
radical with those that are outside.

1/10ab
ab

Answer:

Try this! Rationalize the denominator: 4 / ;‘—Z.

24/3ab
3b

Answer:

Video Solution

(click to see video)

Up to this point, we have seen that multiplying a numerator and a denominator by
a square root with the exact same radicand results in a rational denominator. In
general, this is true only when the denominator contains a square root. However,
this is not the case for a cube root. For example,

SO
=

f

%\

Note that multiplying by the same factor in the denominator does not rationalize it.

3x2
In this case, if we multiply by 1 in the form of \/_, then we can write the radicand in

\3/)(_2

the denominator as a power of 3. Simplifying the result then yields a rationalized
denominator. For example,
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Therefore, to rationalize the denominator of radical expressions with one radical
term in the denominator, begin by factoring the radicand of the denominator. The
factors of this radicand and the index determine what we should multiply by.
Multiply numerator and denominator by the nth root of factors that produce nth
powers of all the factors in the radicand of the denominator.

Example 16: Rationalize the denominator:

1

Solution: The radical in the denominator is equivalent to \3/ 52.To rationalize the
denominator, it should be \3/ 5%, To obtain this, we need one more factor of 5.

3
Therefore, multiply by 1 in the form of *_ﬁ

VAl

H

-
(95}

Py

Multiply by the cube root of
factors that result in powers of 3.

w
(\®)
wn

(9%)

wh
(3]
)

b

&

Simplify.

w
i
w

w
w|

3

Answer: 4

27a

Example 17: Rationalize the denominator: .3 E

2

Solution: In this example, we will multiply by 1 in the form —.

2
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Apply the quotient rule for radicals.

= Multiply by the cube root of
26 32°b factors that result in powers of 3.

= Simplify.

Answer:

Example 18: Rationalize the denominator: 531 =
o

5

Solution: In this example, we will multiply by 1 in the form —
2°x

5/~43 .2
; L == 12 =i 2~x2 Multiply by the fifth root of
Yax* Y226 Y2« factors that result in powers of 5.
5(~3 .2
2% N
=~ o Simplify.
_ § 8x2
2x
V/8x2
Answer:
2x

When two terms involving square roots appear in the denominator, we can
rationalize it using a very special technique. This technique involves multiplying
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the numerator and the denominator of the fraction by the conjugate of the
denominator. Recall that multiplying a radical expression by its conjugate produces
a rational number.

Example 19: Rationalize the denominator:

N

Solution: In this example, the conjugate of the denominator is \/§ + \/5

. . (v3+V2)
Theref Itipl 1 in the f —_
erefore, multiply by 1 in the form NN

11 B+
B-V2  (3-42) (B+2)

Multiply numerator and

denominator by the conjugate
of the denominator.

3442 o
=\/§+\/g_\/g_\/Z Simplify.
_N3+42

3—-2
342

1

=3 +2

Answer: \/3 + \/5

Notice that the terms involving the square root in the denominator are eliminated
by multiplying by the conjugate. We can use the property

(\/5 + \/l_) ) <\/_ - \/l; ) = a — bto expedite the process of multiplying the

expressions in the denominator.
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V3B

Example 20: Rationalize the denominator: .
? VI VG

E

Solution: Multiply by 1 in the form ﬁ: :

E

V2-J6 _(2-V6) (/2-6)
V246 (V2 ++6) (2 -+6)

_ VA2 2 +36

Multiply by the conjugate

of the denominator.

76 Simplify.
_2-2V12+6
=
_8-24/4-3
4
_8-43
4
8 43
T4 4
2+43
Answer: —2 + \/§
Example 21: Rationalize the denominator: \/;+\/y
VeV
Solution: In this example, we will multiply by 1 in the form ﬁ:ﬁ

8.4 Multiplying and Dividing Radical Expressions
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N Ve 1 SN | |
N \/_ = 7 \/_ T \/, Multiply by the conjugate
X+{y  Wx+yy) Wx-y) of the denominator.
2 _ 2
= \/x_ \/E \/E +\/y7 Simplify.
xX—y
_X=2\xy+y
x—y

x=2,/xy+y
Answer:

3y/5+5

24/5-3

Try this! Rationalize the denominator:

194/5+45

Answer: T

Video Solution

(click to see video)
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KEY TAKEAWAYS

« To multiply two single-term radical expressions, multiply the
coefficients and multiply the radicands. If possible, simplify the result.

* Apply the distributive property when multiplying radical expressions
with multiple terms. Then simplify and combine all like radicals.

« Multiplying a two-term radical expression involving square roots by its
conjugate results in a rational expression.

« It is common practice to write radical expressions without radicals in
the denominator. The process of finding such an equivalent expression
is called rationalizing the denominator.

« If an expression has one term in the denominator involving a radical,
then rationalize it by multiplying numerator and denominator by the
nth root of factors of the radicand so that their powers equal the index.

« If a radical expression has two terms in the denominator involving
square roots, then rationalize it by multiplying the numerator and
denominator by its conjugate.
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TOPIC EXERCISES

Part A: Multiplying Radical Expressions

Multiply. (Assume all variables are nonnegative.)
V33

NN

5 y/2 /6

/5 \T5

NN

12 T2

14.4/3a - \/Z
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15.44/2x - 34/6x
16.54/10y - 24/2y
17.v/5 - v/25
18.v/4 - v/2
19.v/4 - /10
20.4/18 - v/6

. (55) (2V6)
2. (2 {/Z) (3 {/Z)
23, (2 %)3

2. (3 {/1)3

25.v/3d - \/9a
26.\/7b - /49D
27.4/6x2 - V/4x2

28. /12y - v/9y?
29.4/20x2y - v/10x2y?

30. v/63xy - y/12x%*y?
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8.4 Multiplying and Div

ons and Equations

1.v/5 (3-V/5)

2.2 (V3 - V2)

0.3v/7 (247 - 3)

11.2/5 (6 3yT0)

55./6 (V3 - v2)

6. V/I5 (V5 + /3

7./% (V3 + )

5o/ (V5 + /)

25, /2ab (/Taa - 24/105 )

s0.\/6ab (5y/2a ~ /3D

0. (VZ-3) (V3+7)
(V5 +48) (vE- V)

5 (2v5-4) (vF+1)

w(5-205) (1-245)

iding Radical Expressions
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45.

(
o
w. (23 +V2) (213 - V2)
=
(

49.

50. (\/%+ 1)2

51. What are the perimeter and area of a rectangle with length of 5 \/ 3

centimeters and width of 34/ 2 centimeters?

52. What are the perimeter and area of a rectangle with length of 2 \/ 6

centimeters and width of \/ 3 centimeters?

53. If the base of a triangle measures 6\/ 2 meters and the height measures

314/ 2 meters, then what is the area?

54. If the base of a triangle measures 6\/ 3 meters and the height measures
3 \/ 6 meters, then what is the area?

Part B: Dividing Radical Expressions

Divide.

55.

N
B
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56.

57.

58.

N EIE T

59.

\©
(®)) [\
j‘ 5
W)

60.

B

61.

62.

63.

64.
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3
o, B
V7
5
69. ——
24/10
3
70. ——
51/6
V-5
71. 7
VB2
72. 7
1
73.
V7x
1
74, ——
V3y
75, —=
54/ab
- 3b?
" 2:/3ab
2
77. e
14
78. —
V7
79, —1
77
1
80. o
9x-\3/§
81. T
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82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95. ——
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_2\/5
4-34/2

96.

100.

101.

102.

103.

104, ————

105.

Part C: Discussion

107. Research and discuss some of the reasons why it is a common practice
to rationalize the denominator.

108. Explain in your own words how to rationalize the denominator.
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1:4/15
3:2\/5

5:7
7: 70\/5
9: 20

11: 2x
13: 6\/ a
15: 24x\/§

17:5

19:2 \3/5
21: 30 \3/ 2
23:16

25:3a
27:2x - /3%
29: 2xy - v/25x
31:34/5 = 5

33:42 — 3¢/21
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35:3v/2 — 24/3
37: X +x\/)7

39:2a+/7b — 4b+/5a

1:4/6 + V12 — /15 — /35

13:18y/2 +24/3 - 124/6 — 4

15:8 — 24/15

47:10

49:a — 24/ 2ab + 2b

51: Perimeter: < 10\/ 5 + 6\/ 5) centimeters; area: 15 \/ 6 square

centimeters
53: 18 square meters
55:5

24/6
57.T

59: 3x2\/§

61: 9x3y?

63: 20
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69:

71:

73:

75:

77:

79:

81:

83:

85:

87:

89:

91:

93:

95:

97:

| =
=

w
|
—
)

S

~J
E}I =
S)

D
S

wﬁ
N

S 9x3y4
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15-71/6
Zi
x242x, [y +y
X5y
a—2+/ab+b
103: ————
a—>b
54/x+2x
105 5
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8.5 Rational Exponents

20. The fractional exponent m/n
that indicates a radical with
index n and exponent m:

e

am/n

LEARNING OBJECTIVES

Write expressions with rational exponents in radical form.

Write radical expressions with rational exponents.

Perform operations and simplify expressions with rational exponents.
Perform operations on radicals with different indices.

B W N =

Definition of Rational Exponents

So far, exponents have been limited to integers. In this section, we will define what
rational (or fractional) exponents®® mean and how to work with them. All of the

rules for exponents developed up to this point apply. In particular, recall the
product rule for exponents. Given any rational numbers m and n, then

For example, if we have an exponent of 2, then the product rule for exponents
implies the following:

bt
gyt
Il
<
o
ol
Il
v
Il
(O]

Here 5'2 is one of two equal factors of 5; hence it is a square root of 5, and we can

write

51/2 _ \/g

21/3

Furthermore, we can see that is one of three equal factors of 2.
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m._
I
e
I
b
I
(\]

5% . 98 9% o Hatat

Therefore, 2173 is the cube root of 2, and we can write

21/3 — %/5

This is true in general, given any nonzero real number a,

In other words, the denominator of a fractional exponent determines the index of
an nth root.

Example 1: Rewrite as a radical.
a 712
b, 7173

Solution:
a. 72 = \/7
b.7" = /7

Example 2: Rewrite as a radical and then simplify.
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a. 81172

b. 814

Solution:

.81 = /81 =9
b.81'M = /81 = /3% =3

Example 3: Rewrite as a radical and then simplify.

a. (125x%)"
b. (—3210)"”
Solution:

a.

(125x%) " =3M125x°
= 3 53x3
=5x

b.

(_32y10)”5 _ 5/_32y10
-{ 'Y

2
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21. An equivalent expression
written using a rational
exponent.

8.5 Rational Exponents

Next, consider fractional exponents where the numerator is an integer other than

1. For example, consider the following:

o
Wi
W
wlon

(9]
1
i
wolo
+
Wl
o
Wi
Il
D
Il
(W) ]
)

This shows that 5%° is one of three equal factors of 5°. In other words, 5*°

cube root of 5% and we can write:

52/3 - 3 52

In general, given any real number q,

An expression with a rational exponent is equivalent to a radical where the
denominator is the index and the numerator is the exponent. Any radical
expression can be written with a rational exponent, which we call exponential
form*',

Radical form Exponential form

57..2 2/5
X

Example 4: Rewrite as a radical.
a. 72/5
b 23/4

Solution:

is the
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W 75 = T = /D
b2 = /T = &

Example 5: Rewrite as a radical and then simplify.

a. 82/3
b. (32)*

Solution:

b. We can often avoid very large integers by working with their prime factorization.

32)° =332 Replace 32 with 2°.

=3(2° )3 Apply the power rule for exponents.

=3ons 15+5=3,soz‘5=(233.
- ‘5[(23 )5 Simplify.

=23

=8

8.5 Rational Exponents 1364



Chapter 8 Radical Expressions and Equations

Given a radical expression, we will be asked to find the equivalent in exponential
form. Assume all variables are positive.

Example 6: Rewrite using rational exponents: \3/x2.

Solution: Here the index is 3 and the power is 2. We can write
3 2 = X2

Answer: x2/ 3

Example 7: Rewrite using rational exponents: \/y3.

Solution: Here the index is 6 and the power is 3. We can write
3 3/6
Uy =y
1/2
=Yy

Answer:y 172

It is important to note that the following are equivalent.

Jar =(Way
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8.5 Rational Exponents

In other words, it does not matter if we apply the power first or the root first. For

example, we can apply the power before the root:
278 307 = Y3y =Y =3 =9

Or we can apply the nth root before the power:

27° = @27) =) = 3 =9

The results are the same.

Example 8: Rewrite as a radical and then simplify: (-8)%3.

Solution: Here the index is 3 and the power is 2. We can write

8" = ({-8) = 2) =4

Answer: 4

Try this! Rewrite as a radical and then simplify: 25%2.
Answer: 125

Video Solution

(click to see video)
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8.5 Rational Exponents

Some calculators have a caret button . If so, we can calculate approximations
for radicals using it and rational exponents. For example, to calculate

V2 =22 =27 (1/2) ~ 1.414 we would type

2 [ 1] 2 DI

To calculate v/22 = 223 = 2 A (2/3) ~ 1.587 we would type
2] 2 [] 3 D[]

Operations Using the Rules of Exponents

In this section, we review all of the rules of exponents, which extend to include
rational exponents. If given any rational numbers m and n, then we have

Product rule: x™ . x" = xmn
. xm m—n
Quotient rule: — =X ,x#0
xn
n .
Power rule: (x " ) = x""
n__ _n.n
Power rule for a product: (xy) =Xy

x\"  x"
Power rule for a quotient: < — ) =—,y#0
y

Negative exponents: X = —
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Zero exponent:

x=1,x#0

These rules allow us to perform operations with rational exponents.

Example 9: Simplify: 2283
Solution:

2% ,2% - 2%*%

__2%+%
X
Answer: 2/
12

Example 10: Simplify: iT

Solution:
K2 T
pra— 2 3
1/3 X
3_2
= x5 ¢
1
=
Answer:x”6

8.5 Rational Exponents

. 2]/6

m+n

Apply the product rule x" - x" = x

Find equivalent fractions with
a common denominator and then add.

m

Apply the quotient rule x_” =x"".
X

Find equivalent fractions with
a common denominator and then subtract.
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Example 11: Simplify: (y3/ 4 )2/3.

Solution:

3/4 2/3 _ %% A Z h l my! _ .mn
(V' =y (pply the power rule (x") =x
= y% Multiply the exponents and reduce.
= yi

Answer:y 172

3/4
Example 12: Simplify: (16a4 bg) .
Solution:

3/4

3/4
(16a'p®)  =(2"a'p®) Rewrite 16 as 2.

=(2* )3/4( a’) 3/4( 1)8)3/4 Apply the power rule for a product (xy)" = x"y".

=2 gv ity Apply the power rule to each factor.
=2°a’p° Simplify.
=8a’h°

Answer: 8a° b°

Example 13: Simplify: 2572,

Solution:
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25—3/2 _ 1

- 253/2

|
oy ; ; s
Definition of negative exponents x " = wE

[S—

= Write 25 as 5° and apply the power rule.

Answer: 1/125

(847 )"
Try this! Simplify: —

Answer: 4a!/0 b?

Video Solution

(click to see video)
Radical Expressions with Different Indices

To apply the product or quotient rule for radicals, the indices of the radicals
involved must be the same. If the indices are different, then first rewrite the
radicals in exponential form and then apply the rules for exponents.

Example 14: Multiply: \/—2- . \3/—2_

Solution: In this example, the index of each radical factor is different. Hence the
product rule for radicals does not apply. Begin by converting the radicals into an
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equivalent form using rational exponents. Then apply the product rule for
exponents.

2= Equivalents using rational exponents
=" Apply the product rule for exponents.

42
=2¢

— 20
:625

Answer: \6/ 23

3
A
Example 15: Divide: 5£

\/E

Solution: In this example, the index of the radical in the numerator is different
from the index of the radical in the denominator. Hence the quotient rule for
radicals does not apply. Begin by converting the radicals into an equivalent form
using rational exponents and then apply the quotient rule for exponents.

E/Z 392

T
= z—z Equivalents using rational exponents
=257 Apply the quotient rule for exponents.
=
=2

Answer: \15/ 27
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8.5 Rational Exponents

Example 16: Simplify: 4/ \3/4_1 .

Solution: Here the radicand of the square root is a cube root. After rewriting this
expression using rational exponents, we will see that the power rule for exponents
applies.

= (27 Equivalents using rational exponents

: Apply the power rule for exponents.

Answer: \3/5

KEY TAKEAWAYS

« When converting fractional exponents to radicals, use the numerator as
the power and the denominator as the index of the radical.
« All the rules of exponents apply to expressions with rational exponents.
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TOPIC EXERCISES

Part A: Rational Exponents

Express using rational exponents.
1. \/ 6
/10

N

&
Q

p—

[

o @
<z <z
Sl

0. /x7

10. v/ x*

Express in radical form.
11.2172

12.5'73

13.7%3

14,235
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8.5 Rational Exponents

15. x4

Write as a radical and then simplify.

21,2512
22.36 12
23.121 172

24, 144172

- ( )1/2

A\12
26. (5 )

27.471

NI
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31,8173

32.125153
. (L)m
» ( 3 )1/3
35, (=27) 3
36. (—64) 1
37.16 14
38.625 /4
39.81 14

0. 16714

41.100, 000 '

42.(=32)'"

1 \1/5
43.(33‘)

L \I5
i ( 243 )

45,932

16. 432
47.8°8

18,277
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8.5 Rational Exponents

19.16%

50. 3227

1 \3/4
51.(Tg)

52. (%)3’4

53.(=27)%3
54.(=27)%3
55, (—32)3"

56. (—32)4°

Use a calculator to approximate an answer rounded to the nearest hundredth.

57,23/
58,323
59,51/
60. 77
61.(—=9)>?

62. —93/2

63. Explain why (-4)A(3/2) gives an error on a calculator and -4/(3/2) gives
an answer of -8.

64. Marcy received a text message from Mark asking her how old she was. In
response, Marcy texted back “1254(2/3) years old.” Help Mark determine
how old Marcy is.
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8.5 Rational Exponents

Part B: Rational Exponents

Perform the operations and simplify. Leave answers in exponential form.

65

66

67.

68.

69.

70.

71.

72.

73.

74.

75

76.

7

78

79.

0213 H4/3

33/2 . 31/2

512 5113

116 314

yl4 25

w12 14

57/3

51/3

29/2

21/2

2612/3

al/6

3b1/2

b1/3

(8 112 )2/3
2/3

(3°)

o (,X,' 2/3 ) 12

. (y3/4 )4/5

(4x2y4

) 172
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80

81

83.

84.

85.

86.

87.

88.

: (9)c6y2

13 ,2/3\3
.(2x y )

32 ,1/2\2
.(8x y )

), =

90.

91.

922

93.

8.5 Rational Exponents

49615/7 b3/2
737 pl*

16a5/6 b5/4
8al2 p23

<9x2/3y6>3/2

X112y

) 172
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8.5 Rational Exponents

(125x3y3/5 )2/3

E

9. i

(25a2/3 pH3 ) 32

96. —— T

Part C: Mixed Indices

Perform the operations.

57./5 - /3

5.4/5 - /25

09/ - ¥/X

100./3 - §/

01, Va2 - /%

102, V3 - /X
Y100

103.

=

D
—
(@)

104.

105.

B

D
S
EN

106.

ﬁ

(27a”4 p2 ) 2/3
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107 vV
35
4x3

108. —
;xz

109. 1/ v/ 16

0.4/ V3
/2
110/ 5
1./ 7
14/ V3

Part D: Discussion Board

115. Who is credited for devising the notation for rational exponents? What
are some of his other accomplishments?

116. When using text, it is best to communicate nth roots using rational
exponents. Give an example.
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ANSWERS

7/6

25:1/2
27:1/2
29: 2
31: 2
33:1/3

35:-3
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37:
39:
41:
43:
45:
47:
49:
51:
53:
55:
57:
59:
61:

63: In the first expression, the square root of a negative number creates an
error condition on the calculator. The square root of a negative number is
not real. In the second expression, because of the order of operations, the
negative sign is applied to the answer after 4 is raised to the (3/2) power.

65:
67:
69:y
71:

73:

1/3
10
1/2
27
32
64

1/8

1.68
1.38

Not a real number

4

55/6

13/20

25

2a1/2
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8.5 Rational Exponents

75:2

77: X e

79: 2xy >
81: 8xy?
13

83: d

2% 1/3
y2

85:

87:y

89: X 172 y 2/3

01: T2y
93:27x /2 y3

95:9p 172

97: 1\5/3T
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111: /2
113: /7
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8.6 Solving Radical Equations

22. Any equation that contains one
or more radicals with a
variable in the radicand.

23. Given real numbers a and b,

where a = b, then @ = bz.

LEARNING OBJECTIVES

1. Solve equations involving square roots.
2. Solve equations involving cube roots.

Radical Equations

A radical equation® is any equation that contains one or more radicals with a
variable in the radicand. Following are some examples of radical equations, all of
which will be solved in this section:

ﬂ
L
I

W

[\

=
I

()]

+

[ NSRS
Il

=
(3]
+
N
I

We begin with the squaring property of equality’; given real numbers a and b, we
have the following:

Ifa=b, then a* =b’

In other words, equality is retained if we square both sides of an equation.

H=cf = 8 =3
9=9 v

The converse, on the other hand, is not necessarily true:
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24. A solution that does not solve
the original equation.

8.6 Solving Radical Equations

9-9
-3°=3" = -3=3 «x

This is important because we will use this property to solve radical equations.
Consider a very simple radical equation that can be solved by inspection:

Jx=3

Here we can see that x = 9 is a solution. To solve this equation algebraically, make

2
use of the squaring property of equality and the fact that (\/Zl) = /@ = awhen

a is positive. Eliminate the square root by squaring both sides of the equation as
follows:

(Vx) =3)

x=9

As a check, we can see that 1/9 = 3 as expected. Because the converse of the
squaring property of equality is not necessarily true, solutions to the squared
equation may not be solutions to the original. Hence squaring both sides of an
equation introduces the possibility of extraneous solutions®, or solutions that do
not solve the original equation. For this reason, we must check the answers that
result from squaring both sides of an equation.

Example 1: Solve: y/x — 1 = 5.

Solution: We can eliminate the square root by applying the squaring property of
equality.
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Vvx—-1=5
Wx- 1)2 = (5)2 Square both sides.

x—1=25 Solve.
x=26

Next, we must check.

J26-1=5
J25 =5
—5

Answer: The solution is 26.

Example 2: Solve: /5 — 4x = x.

Solution: Begin by squaring both sides of the equation.

Vi—4x =x
2
(V5-4x) = (x)2 Square both sides.

5—4x=x"

You are left with a quadratic equation that can be solved by factoring.
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5-4x=x
0=x"+4x-5
0=(x+5)(x-1)

x+5=0 or x-1=0

x=-5 x=1

Since you squared both sides, you must check your solutions.

Check x=-5 Check x=1

5-4x=x V5—4x=x

5-4(-5) =-5 5-4(H) =1
5+20=-5 Ji=1
J25=-5 =1 v
5=—5 x
After checking, you can see that x = —5 was extraneous; it did not solve the
original radical equation. Disregard that answer. This leaves x = 1 as the only

solution.

Answer: The solutionis x = 1.

In the previous two examples, notice that the radical is isolated on one side of the
equation. Typically, this is not the case. The steps for solving radical equations
involving square roots are outlined in the following example.

Example 3: Solve: 1/2x — 5 + 4 = x.

8.6 Solving Radical Equations 1388



Chapter 8 Radical Expressions and Equations

Solution:

Step 1: Isolate the square root. Begin by subtracting 4 from both sides of the
equation.

V2x-5+4-4=x-4
NV2x-5=x-4

Step 2: Square both sides. Squaring both sides eliminates the square root.

(2x=5) =(x-4)

2x-5=x"-8x+16

Step 3: Solve the resulting equation. Here you are left with a quadratic equation
that can be solved by factoring.

2x—5=x>-8x+16
0=x*-10x+21
0=(=x-3)(x-7)

x—=3=0 or x—-7=0

x=3 x=17

Step 4: Check the solutions in the original equation. Squaring both sides introduces
the possibility of extraneous solutions; hence the check is required.
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Check x=3 Check x=17

\N2x=5+4=x N2x=5+4=x

J2(3)=5+4=3 J2(7)=5+4=7
J6-5+4=3 J14-5+4=7
J1+4=3 J9+4=7

1+4=3 3+4=7

After checking, we can see that x = 3 is an extraneous root; it does not solve the
original radical equation. This leaves x = 7 as the only solution.

Answer: The solutionis x = 7.

Example 4: Solve: 34/x+ 1 — 2x = 0.

Solution: Begin by isolating the term with the radical.

3Wx+1-2x=0 Add 2x to both sides.

3Wx+1=2x

Despite the fact that the term on the left side has a coefficient, it is still considered
isolated. Recall that terms are separated by addition or subtraction operators.

3Wx+1=2x

2
GBvx+1) = (2x)2 Square both sides.
O(x+1) =4x"
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8.6 Solving Radical Equations

Solve the resulting quadratic equation.

9x+9 =4x’
0=4x>-9x-9
0=@x+3)(x-3)

4x+3=0 or
4x=-3

x—3=0

x=3

Since we squared both sides, we must check our solutions.

Check x=—3

3Wx+1-2x=0

Check x=3

3Jdx+1-2x=0

3J(=3)+1-2(=3)=0 3J(3)+1-2(3)=0
3/+2=0 3Wa-6=0
3.143=0 3-:2-6=0
343=0 6-6=0
=0 v
£=0 0=0
3=0
After checking, we can see that x = — 2 was extraneous.

Answer: The solution is 3.

Sometimes both of the possible solutions are extraneous.
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Example 5: Solve: /4 — 11x —x+2 = 0.

Solution: Begin by isolating the radical.

Vad—-1lx—x+2=0 Isolate the radical.
Vd-1lx=x-2
2
W4-11x) = (x-2 )2 Square both sides.

4-11x=x*—-4x+4 Solve.
0=x*+7x
O0=x(x+7)

Since we squared both sides, we must check our solutions.

Check x=0 Check x =-17
V4-1lx—x+2=0 Va-1lx—x+2=0
Ja-1100)=0+2=0 JA-11(=7) = 7)+2=0
JA4+2=0 JA+77+742=0
242=0 J81+9=0
4=0 & 9+9=0
18=0 x

Since both possible solutions are extraneous, the equation has no solution.

Answer: No solution, @
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25. Given any positive integer n
and real numbers a and b,
where a = b,thend" = b".

8.6 Solving Radical Equations

The squaring property of equality extends to any positive integer power n. Given
real numbers a and b, we have the following:

Ifa=b, then a" =b"

This is often referred to as the power property of equality”. Use this property,
along with the fact that ( \”/Zl)n = 1/ad" = a when a is positive, to solve radical
equations with indices greater than 2.

Example 6: Solve: v/x2 +4 —2 = 0.

Solution: Isolate the radical and then cube both sides of the equation.

AP +4-2=0 Isolate the radical.
x> +4=2
(Vx* +4 )3 =)’ Cube both sides.
X' +4=8 Solve.
x*—4=0

(x+2)(x-2)=0

x+2=0 or x-2=0
x=-2 ¥ =2

Check.
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8.6 Solving Radical Equations

Check x=-2

3(-2)+4

593

Answer: The solutions are -2 and 2.

Try this! Solve: \/2x — 1 +2 = x.

Answer: x = 5 (x = 1 is extraneous)

Video Solution

(click to see video)

—2=0
—2=0
—2=0
~2=0
—2=0

0=0

v

Check x=2

It may be the case that the equation has two radical expressions.

Example 7: Solve: \/3x -4 = \/2x + 9.

Solution: Both radicals are considered isolated on separate sides of the equation.
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V3x—4=+2x+9
2 2
(V3x=4) =({2x+9) Square both sides.
3x—4=2x4+9 Solve.
¥=13

Checkx = 13.

V3x—4 =+2x+9

J3(13)-4=2(13)+9

J39-4=426+9
V35=\35 v

Answer: The solution is 13.

Example 8: Solve: /x2 + x — 14 = V/x + 50.

Solution: Eliminate the radicals by cubing both sides.

Ix® +x-14=3x+50
3
Rx*+x-14) =(Ux+ 50)3 Cube both sides.

X +x—14=x+50 Solve.
x'—64=0
(x+8)(x—-8)=0

x+8=0 or x—-8=0

x=-8 x=8
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Check.

Check x=-8 Check x =8

U +x-14 =Yx+50 I +x—14 =Yx+50

JE8) + (8)—14 = [(C8)+50 (8 +(8)—14 = 3[(8)+ 50
Yo4—8—14 =Y42 Yo4+8—14 =358
Ja2=3Ya2 v Y58 =358 v

Answer: The solutions are -8 and 8.

We will learn how to solve some of the more advanced radical equations in the next
course, Intermediate Algebra.

Try this! Solve: 1/3x + 1 = 24/x — 3.

Answer: 13

Video Solution

(click to see video)
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KEY TAKEAWAYS

+ Solve equations involving square roots by first isolating the radical and
then squaring both sides. Squaring a square root eliminates the radical,
leaving us with an equation that can be solved using the techniques
learned earlier in our study of algebra. However, squaring both sides of
an equation introduces the possibility of extraneous solutions, so check
your answers in the original equation.

+ Solve equations involving cube roots by first isolating the radical and
then cubing both sides. This eliminates the radical and results in an
equation that may be solved with techniques you have already
mastered.
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TOPIC EXERCISES

Part A: Solving Radical Equations

Solve.

6./x+2=1
7.54/x =1=0
8.33/x —2=0
9.4/x—3 =3

10.\/x+5 =6

11.\/3x+1 =2
12.4¢/5x—4 =4

13.4/7x+4 +6=11

14.4/3x— 5 +9 = 14

15.2\/x—1 -3=0
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8.6 Solving Radical Equations

16.3y/x+1-2=0
17. /% =2

18, {/X = 5
19.y/2x+9 =3

2. V/4x — 11 =1

2. v/5x+7 +3=1
2./3x—6 +5=2
252vx+2-1=0
20.2y2x-3-1=0

25.\/8x+11 =3\/x+1

26.24/3x —4 = 1/2Gx + 1)

27.4/2(x + 10) = 1/7x — 15
28./5(x —4) = \/x+4

20.4/5x — 2 = v/4x

30.9/90—1) = /3 +7)

31.¢/3x+ 1 = {/2(x— 1)

32.v/9x = {/3(x - 6)
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8.6 Solving Radical Equations

33. \/4x+21 =X

34.\/8x+9 =
35.4/4(2x—-3) =x
36.4/3(4x —-9) =x

37.2\/x—1 =X

38.3y/2x— 9 =x

39.\/9x+9 =x+1

40.\/3x+10 =x+4

41.4/x—1 =x-3

42.\/2x—5 =x—4
43.\/m=x—6
44.4/7—=3x =x-3
45.3\/2x+—10=x+9

16.24/2x +5 = x + 4

47.3\/x—1 —-1=x

48.2\/2x+2 -1=x

19.4/10x + 41 —5=x
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8.6 Solving Radical Equations

50.4/6(x +3) =3 =x

51.1/8x2 —4x + 1 = 2x

52.4/18x2 — 6x + 1 = 3x

53.5\/x+2 =x+38

50.40/2(x+ 1) =x+7

55./x2 — 25 = x

56./x2 +9 = x

57.3 + /6x — 11 =x

58.2 + 1/9x — 8 =x
59.\/4x+25 —x=17

60.4/8x +73 —x =10

61.24/4x +3 —3 = 2x

62.24/6x+3 —3 = 3x

63.2x — 4 = \/14 — 10x

64.3x — 6 = /33 — 24x

65. V/x2 —24 =1

66. V/x2 — 54 =3
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67.V/x2 +6x + 1 =4

68.Vx2+2x +5=7

69./25x2 —10x — 7 = =2

70.v/9x2 — 12x — 23 = -3

7 y/22 =155 +25 = 1/ (x+5) (x=5)

72.0/x2 —dx +4 = /x (5 -x)
7 4/2 (32 + 3 — 20) = V(x+3)?

74.V/3x% + 3x + 40 = 1/ (x - 5)°
75.x12 — 10 =0

76.x12 —6=0

77.x18 +2 =0

78.x13 +4=0
79.0— D2 =3 =0

80.(x +2)? —6=0
81.2x — DN® +3=0

82.3x— D" -2=0

)1/2_

83. (4x + 15 2x=0
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84.3x+2)12 —3x =0
85.2x + 12) 12 —x =6

)1/2—)(,':9

86. (4x + 36

) 172

87.2(5x+26 =x+ 10

88.3(x — D =x+1

89. The square root of 1 less than twice a number is equal to 2 less than the
number. Find the number.

90. The square root of 4 less than twice a number is equal to 6 less than the
number. Find the number.

91. The square root of twice a number is equal to one-half of that number.
Find the number.

92. The square root of twice a number is equal to one-third of that number.
Find the number.

93. The distance, d, measured in miles, a person can see an object is given by
the formula

e
d=—=

where h represents the person’s height above sea level, measured in feet.
How high must a person be to see an object 5 miles away?

94. The current, I, measured in amperes, is given by the formula

~
Il
=]~
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where P is the power usage, measured in watts, and R is the resistance,
measured in ohms. If a light bulb requires 1/2 ampere of current and uses 60
watts of power, then what is the resistance of the bulb?

The period, T, of a pendulum in seconds is given by the formula

i3
T =21y)—
"\ 32

where L represents the length in feet. For each problem below, calculate the length of
a pendulum, given the period. Give the exact value and the approximate value
rounded off to the nearest tenth of a foot.

95. 1 second
96. 2 seconds
97.1/2 second
98.1/3 second

The time, t, in seconds an object is in free fall is given by the formula

t

_ Vs
4

where s represents the distance in feet the object has fallen. For each problem below,
calculate the distance an object falls, given the amount of time.

99. 1 second
100. 2 seconds
101. 1/2 second

102. 1/4 second
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The x-intercepts for any graph have the form (x, 0), where x is a real number.
Therefore, to find x-intercepts, set y = 0 and solve for x. Find the x-intercepts for each
of the following.

103.y = \/x—3 = |l

104.y = \/x+2 -3

105.y = \Z’/x—l S5

106.y = \3/x+ =3
Part B: Discussion Board

107. Discuss reasons why we sometimes obtain extraneous solutions when
solving radical equations. Are there ever any conditions where we do not
need to check for extraneous solutions? Why?
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ANSWERS

1: 4

3:1

5:0
7:1/25
9:12
11:1
13:3
15:13/4
17: 8
19: 9
21:-3
23:-15/8
25:2
27:7
29:2
31:-3
33:7
35:2,6

37:2

8.6 Solving Radical Equations 1406



Chapter 8 Radical Expressions and Equations

8.6 Solving Radical Equations

39:

41:

43:

45;

47:

49:

51:

53:

55:

57:

59:

61:

63:

65:

67:

69:

71:

73:

75:

77:

-1,8
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79:10
81:-13
83:5/2
85: -6, -4
87:-2,2
89:5

91: 8

93: 16 % feet

95: 8/1%2 ~ 0.8 foot

97:2/7% ~ 0.2 foot
99: 16 feet
101: 4 feet
103: (4, 0)

105: (-7, 0)
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Chapter 8 Radical Expressions and Equations

8.7 Review Exercises and Sample Exam

1409



Chapter 8 Radical Expressions and Equations

REVIEW EXERCISES

(Assume all variables represent nonnegative numbers.)

Radicals
Simplify.

1 /36

2. 75

5 /=16
=0
5. /125

6.3\3/—_8

[ 1
12. 1

13.5 \3/19_2

8.7 Review Exercises and Sample Exam 1410



Chapter 8 Radical Expressions and Equations

14.2\3/E

Simplifying Radical Expressions

Simplify.

15.4/49x2
16. \/25azl92
17.4/75x3y?2

18.1/200m* n3
18x3
19.4/ 25,7
108x7
20. 1/ 93

21./216x3

22. 4/ —125x5y3
23. \3/27a7 b3

2

o~

v

Use the distance formula to calculate the distance between the given two points.
25. (5,-8) and (2, -10)

26.(-7,-1) and (-6, 1)

27.(-10, -1) and (0, -5)

28.(5,-1) and (-2, -2)
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Adding and Subtracting Radical Expressions

simplify.

20.84/3 +34/3

30.124/10 — 24/10

31.144/3 +54/2 = 54/3 = 64/2

32.22¢/ab — 5a\/b + Tv/ab — 2a+\/b

5. 7y/% = (3y/% +2,/7)

sa. (8yy/x = Txy/y ) = (Sxy/y = 12y\/;)
5.7/25 + /T2 — \/20 — /75

36.y/28 — /32 + /55 —2/32

37.24/3x2 + \/45x — x/27 + /20x
38.51/6a2b + \/82b* — 21/24@b — a\/ 18h>
10 53y/E - (x/T67 - 2/5757)

10, (2b\/% _ 3a\/16b2c) _ (\/m - 9b\/%)
/BTG — Ty — o
12.v/128x3 — 2x - /54 + 3 v/2x3

43, \3/8x3y — 2x - \3/§+ \3/27363)7 +x- \3/?

8.7 Review Exercises and Sample Exam 1412
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14.\/27a3b — 3V/8ab® +a - \/64b — b - y/a

Multiplying and Dividing Radical Expressions

Multiply.

5.4/3 -6
6.(3V5)

.2 (V3 - V)

(V- V6)

o(1-V5) (1+5)

0. (25 + V5) (3v2 - 2V5)

52.V/252b - V/52b°

Divide.

8.7 Review Exercises and Sample Exam 1413
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e

56.

Rationalize the denominator.

57.

58. %

59.

60.

61. 5

62.

63.

NG
VEne

64.

Rational Exponents

Express in radical form.

a5,

66. 323

67.x 4

65,y

8.7 Review Exercises and Sample Exam 1414
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Write as a radical and then simplify.

69. 412

70.50 12

71.4%3

72.81173

73. (

L \=173
= ( 216 )

)3/2

NS

Perform the operations and simplify. Leave answers in exponential form.

o5 312 3372

26,0112 9173

43/2

77. 417

93/4

78. 917

79. (36x4y2) 12

80. (8)66))9)1/3

2/5
a4/3
81. <6117
16543 172
. )2

Solving Radical Equations

8

N

8.7 Review Exercises and Sample Exam 1415
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Solve.

83.4/x =5

84.4/2x—1 =3

85.\/x—8+2=5

86.3y/x—5 —1=11

87./5x —3 = \/2x + 15

88.\/8x—15 =X

89.Vx+41 =x—1

90.\/7—3x =x—-3

01.2(x+ 1) =1/2(x+ 1)
92.4/x (x+6) =4
93.\3/M=2
94, y/2x2 —x +4 =5

95.4/3(x +4) (x+ 1) = y/5x+ 37

9%.v/3x2 — 9x + 24 = v/(x + 2)?

07.y12 —3 =0

98.y13 +3=0
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) 172

9. (x =5 -2=0

100.2x — D)3 —=5=0

8.7 Review Exercises and Sample Exam 1417
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SAMPLE EXAM

In problems 1-18, assume all variables represent nonnegative numbers.

1. Simplify.

2. Simplify.

VT
b. \/—27
¢ —v/27

/128
3. 25

/192
4. 4> 125
5.54/12x2y37
6. v/250x2y375

Perform the operations.

7.54/24 — /108 + 1/96 — 3+/27

8.3y/8x2y — (x1/200y — 1/18x2y)

0.2+/ab (3\/272 - \/Z)

10. <\/)7 — 2\/)7>2

8.7 Review Exercises and Sample Exam 1418
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Rationalize the denominator.

13.

1
VX+5

Vi3
Vo3

14.

Perform the operations and simplify. Leave answers in exponential form.

15,023 . 1/6

17. (121614192 ) 12

(9y1/3x6)1/2

18. 16

Solve.

19.4/x =7 =0
20.4/3x+5 =1
21.y/2x—1 +2=x

22.\/31—10)6 =x—-4

23.4/2x+1) Bx+2) =4/3Q2x+1)

8.7 Review Exercises and Sample Exam
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Chapter 8 Radical Expressions and Equations

24.4/x (2x - 15) =3

25. The period, T, of a pendulum in seconds is given the formula
T =2r,/ 3% , where L represents the length in feet. Calculate the length

of a pendulum if the period is 1% seconds. Round off to the nearest tenth.

8.7 Review Exercises and Sample Exam 1420
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REVIEW EXERCISES ANSWERS

1: 6
3: Not a real number

5:5

17: Sxy\/ 3x

3x4/2x
19: 5

21: 6x
23: 3 b - N ab®

25: \/E

8.7 Review Exercises and Sample Exam 1421
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35:4/5 — 3/3
37:—x\/3 + 51/5x
39: 120y, /3

a1:4 y/x =5 y/xy
43:2x - \*/)7

51: 2a
53: 3\/5

55:

575 =—=—

59:

61:

8.7 Review Exercises and Sample Exam 1422
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69: 2

71:2 {/5
73:1/8
75:9

774
79:6x2%y
81:a
83: 25
85:17
87:6

89: 8
91:-1/2,-1
93:2/3,-4
95:-5,5/3
97:9

99:9
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SAMPLE EXAM ANSWERS

1:

a. 10
b. Not a real number
c. -10

5: IOxy\/ﬁ

7:141/6 — 154/3

9:6a/2b — 2b+/a

54/2x
X

11:

VX5

x—25

13:

i 2L0

17: 1 1a2b
19: 49

21:5
23:-1/2,1/3

25:1.8 feet

8.7 Review Exercises and Sample Exam 1424
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