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Chapter 5

Polynomials and Their Operations
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Chapter 5 Polynomials and Their Operations

5.1 Rules of Exponents

LEARNING OBJECTIVES

1. Simplify expressions using the rules of exponents.
2. Simplify expressions involving parentheses and exponents.
3. Simplify expressions involving 0 as an exponent.

Product, Quotient, and Power Rule for Exponents

If a factor is repeated multiple times, then the product can be written in
exponential form' x". The positive integer exponent n indicates the number of
times the base x is repeated as a factor.

xX'=xx"..x
[N
n times

For example,

5*=5-5-5-5

Here the base is 5 and the exponent is 4. Exponents are sometimes indicated with
the caret (*) symbol found on the keyboard: 524 = 5*5*5%5,

Next consider the product of 2° and 2°,

2°-2°=2-2-2-2-2-2-2-2 =2}
8 factors of 2

Expanding the expression using the definition produces multiple factors of the

1. An equivalent expression base, which is quite cumbersome, particularly when n is large. For this reason, we
written using a rational
exponent.
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Chapter 5 Polynomials and Their Operations

2.x™ - x" = x""; the
product of two expressions
with the same base can be
simplified by adding the

exponents.

5.1 Rules of Exponents

will develop some useful rules to help us simplify expressions with exponents. In
this example, notice that we could obtain the same result by adding the exponents.

23 '25 — 23+5 — 28

In general, this describes the product rule for exponents®. If m and n are positive

integers, then

In other words, when multiplying two expressions with the same base, add the
exponents,

Example 1: Simplify: 10° - 108,

Solution:

105 '1018 — 105+18
=1023

Answer: 105

In the previous example, notice that we did not multiply the base 10 times itself.

When applying the product rule, add the exponents and leave the base unchanged.

Example 2: Simplify: x6 - x!2 - x.
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Chapter 5 Polynomials and Their Operations

Solution: Recall that the variable x is assumed to have an exponent of 1: x = x .

6 1

X -x2~x=x6~x12~xl

6+12+1
=X

19
X

Answer: x °

The base could be any algebraic expression.

9 13
Example 3: Simplify: (x + y) (x + y) .
Solution: Treat the expression (x + y) as the base.

9+13

@+)) (x+p) " = @+y)
=+

Answer: (x + y)??

The commutative property of multiplication allows us to use the product rule for
exponents to simplify factors of an algebraic expression.

Example 4: Simplify: 2x8y - 3x4y7.

5.1 Rules of Exponents 749



Chapter 5 Polynomials and Their Operations

3. );—’: = x"7"; the quotient of
two expressions with the same
base can be simplified by
subtracting the exponents.

5.1 Rules of Exponents

Solution: Multiply the coefficients and add the exponents of variable factors with
the same base.

2xy3x*y’ =2-3 -x*x* - y'-y"  Commutative property

8+4 3
=6x" +y Power rule for exponents

Answer: 6x 128

Next, we will develop a rule for division by first looking at the quotient of 27 and

23,

7factt33*s of 2 1
¥ 2:202:252:2-3 BB 0:3:2:3 2:3:3-3

24

o8 222 2.5 1

— 1
3 factors of 2

Here we can cancel factors after applying the definition of exponents. Notice that
the same result can be obtained by subtracting the exponents.

27

?= 27—3 =24

This describes the quotient rule for exponents®. If m and n are positive integers
and x # 0, then

In other words, when you divide two expressions with the same base, subtract the
exponents.
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Chapter 5 Polynomials and Their Operations

15

Example 5: Simplify: ljy

Solution: Divide the coefficients and subtract the exponents of the variable y.

12" 12 s
4y’ 4 d
Answer: 3y®
20)610(x—i-5)6
E le 6: Simplify; ————.
xample implify e (e13)°
Solution:

20x° (x+5)° 20

== X" (x+ 5)°
10x° (x+5) 10

=2x' (x+5)°

Answer: 2x (x +5 )4

Now raise 2° to the fourth power as follows:

5.1 Rules of Exponents 751



Chapter 5 Polynomials and Their Operations

4. (xm )n =x""a power
raised to a power can be
simplified by multiplying the
exponents.

5.1 Rules of Exponents

(2% =2°.2%.9%.2}
4 factors of 23
=2.2.2.2.2.2-2.2.2.2-2-2
12 factors of 2

— 2]2

After writing the base 2% as a factor four times, expand to obtain 12 factors of 2. We
can obtain the same result by multiplying the exponents.

(23)4 =¥ o2

In general, this describes the power rule for exponents®. Given positive integers m
and n, then

n
m

m _ n
(x") =x

In other words, when raising a power to a power, multiply the exponents.

Example 7: Simplify: (y6 )7.

Solution:
7 '
( y6) _ y67

42

Answer: y42
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Chapter 5 Polynomials and Their Operations

To summarize, we have developed three very useful rules of exponents that are
used extensively in algebra. If given positive integers m and n, then

Product rule: x™M . xt = xmtn
xm
Quotient rule: — = X" x#0
X
n .
Power rule: (xm ) = x"™"

Try this! Simplify: y° - (y4 )6.
Answer: y29

Video Solution

(click to see video)
Power Rules for Products and Quotients

Now we consider raising grouped products to a power. For example,

4
() =xy - xy - xy -xy
=X-X-X-X-)Y-yyy Commutative property

4 4
=X y

After expanding, we have four factors of the product xy. This is equivalent to raising
each of the original factors to the fourth power. In general, this describes the

. (xy) " X7y ifa product power rule for a product’. If n is a positive integer, then

is raised to a power, then apply
that power to each factor in
the product.

5.1 Rules of Exponents 753
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Chapter 5 Polynomials and Their Operations

()" =x"y"

Example 8: Simplify: (2ab)7.

Solution: We must apply the exponent 7 to all the factors, including the coefficient,
2.

Qab) =274’
= 1284’

If a coefficient is raised to a relatively small power, then present the real number
equivalent, as we did in this example: 27 = 128.

Answer: 1284’ b’

In many cases, the process of simplifying expressions involving exponents requires
the use of several rules of exponents.

Example 9: Simplify: (?)xy3 )4.

Solution:

%) =341t () P z duc

Bxy’) =3"-x"-(») ower rule for products
=3*x*y* Power rule for exponents
=81x*y"

5.1 Rules of Exponents 754



Chapter 5 Polynomials and Their Operations
4,12
Yy

Answer: 81x

Example 10: Simplify: (4x2y5z)3.

Solution:

'z =460 2
— 64)(,‘6 ylS Z3

Answer: 64x6y1373

3
Example 11: Simplify: [5 (x + y)3] .
Solution:

[5 (x+y)3]3 =5 (x+y)
=125 (x+y)

Answer: 125 (x + y)g

Next, consider a quotient raised to a power.
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=
=

~—

< | =
.

|

= | = < | %
TR o=
< | =
<=

Il

-b‘ H-lk <
s
=

=

Here we obtain four factors of the quotient, which is equivalent to the numerator
and the denominator both raised to the fourth power. In general, this describes the
power rule for a quotient®. If n is a positive integer and y # 0, then

In other words, given a fraction raised to a power, we can apply that exponent to
the numerator and the denominator. This rule requires that the denominator is
nonzero. We will make this assumption for the remainder of the section.

3
Example 12: Simplify: (%) .

Solution: First, apply the power rule for a quotient and then the power rule for a
product.

3aY _(a) .
> = 3 Power rule for a quotient
33 . a3
= g Power rule for a product
no, 274°
6. = = 2 ifa quotient is = /e
y y b’

raised to a power, then apply
that power to the numerator
and the denominator.
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Chapter 5 Polynomials and Their Operations

Answer: 2733
b\

In practice, we often combine these two steps by applying the exponent to all
factors in the numerator and the denominator.

. . ab® >
Example 13: Simplify: (E) .

Solution: Apply the exponent 5 to all of the factors in the numerator and the

denominator.
5 57270
(ab2 ) a’ (b%)
3 5
2¢ o (03)
_ aS blO
32¢°
10
Answer: PSRE

S5x5(2x—1)* >2

Example 14: Simplify: < 57

Solution:

5.1 Rules of Exponents
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Chapter 5 Polynomials and Their Operations

Power rule for a quotient

[ 5x° (2x —1)4 )2 _ (5x5 (2x - 1)4)

3y’ 3y’
2
5 (xs)z-[(Zx—l)w
= > Power rule for products
3-(»)
25x 2x-1)°
- = Power rule for exponents
2y

25x10(2x=1)8

Answer: PRE

It is a good practice to simplify within parentheses before using the power rules;
this is consistent with the order of operations.

o —203ytz \
Example 15: Simplify: ( e > .
Solution:
-2x’y'z ) 4
_ 3=1 4-2 . B 55, YL
[7) =(2x7y"z2) Simplify within the parentheses first.
4

=(-2-x>-y*-2) Apply the power rule for a product.

=(-2)" (xz)4 -(») ‘P Apply the power rule for exponents.
=16x"y* z*

Answer: 16x8y3z4

5.1 Rules of Exponents 758
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7.x% = 1; any nonzero base

raised to the 0 power is defined
to be 1.

5.1 Rules of Exponents

To summarize, we have developed two new rules that are useful when grouping
symbols are used in conjunction with exponents. If given a positive integer n, where
y is a nonzero number, then

Power rule for a product: (xy) =Xy

. x\" x"
Power rule for a quotient: — = —

3\3
P )
Try this! Simplify: 5 )

64x6 (x—y) !

Answer: —————
27y3715

Video Solution

(click to see video)
Zero as an Exponent

Using the quotient rule for exponents, we can define what it means to have 0 as an
exponent. Consider the following calculation:

8 2 s _ s
]=§=?=2 =2

Eight divided by 8 is clearly equal to 1, and when the quotient rule for exponents is
applied, we see that a 0 exponent results. This leads us to the definition of zero as
an exponent’, where x # 0:
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It is important to note that 0° is undefined. If the base is negative, then the result is
still +1. In other words, any nonzero base raised to the 0 power is defined to be 1. In
the following examples, assume all variables are nonzero.

Example 16: Simplify:

Solution:

a. Any nonzero quantity raised to the 0 power is equal to 1.

(-5)" =1

b. In the example —50, the base is 5, not -5.

—5"=-1.5°
=-1-1
=-1

Answers: a. 1;b. -1

Example 17: Simplify: (5)63 y9z? )2.

5.1 Rules of Exponents 760
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5.1 Rules of Exponents

Solution: It is good practice to simplify within the parentheses first.

(5x°9°z%) = (5x°1-2%)

2
= (5x’z*

3 32 22
=5x"z

=25x5z*

Answer: 25x°7*

. . 8a10b5 0
Example 18: Simplify: <— S 12d14> .
c

Solution:
8a10b5
(_sclzdm) =1

Answer: 1

Try this! Simplify: 5x° and (SX)O.
Answer: 5x° = 5 and (5x)0 =1

Video Solution

(click to see video)
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Chapter 5 Polynomials and Their Operations

KEY TAKEAWAYS

« The rules of exponents allow you to simplify expressions involving
exponents.
« When multiplying two quantities with the same base, add exponents:
x™m . x" = x m+n
+ When dividing two quantities with the same base, subtract exponents:
x" m—n
x" ’

* When raising powers to powers, multiply exponents: (x
« When a grouped quantity involving multiplication and division is raised
to a power, apply that power to all of the factors in the numerator and

n
n n
the denominator: (xy) = x"y" and <§> = )}C)—,,
* Any nonzero quantity raised to the 0 power is defined to be equal to 1:
0
x' =1

=X
I’I’l)n — xm-n

5.1 Rules of Exponents 762



Chapter 5 Polynomials and Their Operations

TOPIC EXERCISES

Part A: Product, Quotient, and Power Rule for Exponents

Write each expression using exponential form.
1.(2x) (2x) (2x) (2x) (2x)
2.(=3y) (=3y) (=3)
3..10ca-a-a-a-a-a-a
412 XXy -y-y-y-y-y
5—6-(x—Dx—Dx—-1)

6. (9ab) (9ab) (9ab) (& —b) (& - b)
simplify.

7.27 .23

8.37 -3

9, =24

10.(=2)*

1. -3°

12.(=3)*

13.101° - 10° - 10*

14.10% - 107 - 10

5.1 Rules of Exponents 763
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107
16. 55

1012
10°

17.
18.(7%)°
19, (4%)'
20.10° - (10%)*
Simplify.
21. (—x)°

2.8 - (—ay

5. ()" - (@) - a

26. (x + 1)4();5)4 . y?
27.(x + D> (x + 18

9

28. (2a — b)'* (2a — b)

Bx=1)°
(3x=1)?

2%,

30.

5.1 Rules of Exponents 764
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31.Xy° - X°y

32.3x2y3 - Txy?

33. —8a?b - 2ab

34.—3ab*c> - 9a* b b

35.2a°b* ¢ (=3abc)

36.52 (b*) & - (=2)%a (b*)*
37.2x2(x+y) > 3x5(x+y) )
38.—5xy%(2x — 1)® - x3y(2x — 1)°
39.x2y - xy3 - x7y°

0. —2x 10y . 3x2y12 . 5xy3
11.3%x%y2z - 3xy*z*

i (x2) () ()’

43.

44,

45.

46.

47.

5.1 Rules of Exponents 765
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5.1 Rules of Exponents

—24a'%p"% 3

48.
6a5bh" ¢

16 x*(x+2)*
4x(x+2)

50y (x+y) 0

50. =
10y(x+y)

Part B: Power Rules for Products and Quotients
Simplify.

51. (2x)°

52. (—3y)
53. (=xy)
54, (5xy) °

55. (—4abc)’
s6. (%)’
=(~%)
(22
(-3

3
60, <5y(2x—1) )
X
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61 (3x2)°
62. (=2x3)*
63. (xy°)

4. (x2y10)
6s. (3x2y)°

66. (2x2y3z4)5

67. (—7ab402 )2
415
68. [x5y4(x + y) ]

0. 2y + 1))

N

70.

71.

(
(
= (-3)
(
(

73.

74.

5.1 Rules of Exponents 767
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5.1 Rules of Exponents

7 3 6

2x —1

7 <#>
<

7. (x3y) % - (p*)’

5. (<226°)" - (24°b)"

7. (=ab)’ (3ab*)’

5
4
mx<2x3(x—ky) )
35yt 3
o ()
Xy
_3x5 4 2
o (22
Xy
_25x 10,15 3
o (222
10x3y5 \2
84. 4
5xy?
24ab’
85.( it )
2
—2x3
o (22)
16x4y
3
30ab>
87'( 3abc )
3
35312
88'( 252t )

.<2x4(x—ky)2>3
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5
6)cys()c+y)6
89. | ———
3y2z(x+y)
64a5b'2 2 (2ab—1)"* \*
9. [ — - -
32225692 (2ab—1)

91. The probability of tossing a fair coin and obtaining n heads in a row is

given by the formula P = ( % )n Determine the probability, as a percent, of

tossing 5 heads in a row.

92. The probability of rolling a single fair six-sided die and obtaining n of the

n
same faces up in a row is given by the formula P = ( % ) . Determine the

probability, as a percent, of obtaining the same face up two times in a row.

93. If each side of a square measures 2X 3 units, then determine the area in
terms of the variable x.

94. If each edge of a cube measures Sx 2 units, then determine the volume
in terms of the variable x.

Part C: Zero Exponents

Simplify. (Assume variables are nonzero.)

95,7°

96.(—=7)°
97.—10°

9. —3Y . (=7)°
99. 8675309 °
100.5% - 30 .23

101. =32 - (=2)% - (=3)°

5.1 Rules of Exponents 769
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102. 5x%y?

103. (=3)*x2y073

100, -3 (x3)%y2(3)°
105.2x3y%7 - 3x%y3 2

106. —3ab*c° - 34 <b302 )0
107. (—8xy?) 0

S

9x°y4
3y3

109.

Part D: Discussion Board Topics

110. René Descartes (1637) established the usage of exponential form: i )
@ , and so on. Before this, how were exponents denoted?

111. Discuss the accomplishments accredited to Al-Karismi.
. nO 5
112. Why is 0" undefined?

113. Explain to a beginning student why 34 .32 * 96

5.1 Rules of Exponents 770
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5.1 Rules of Exponents

1:(2x)°
= 10a7
5:—6(x — 1)3

7:212

11:-27
13: 1022

15: 510
17:10°

19: 432

21: X

23: X

25: a%>

27:(x + 113
29:(3x — 1)3
31:X°y

33: =164’ b*

35: —6a° b 2

ANSWERS
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5.1 Rules of Exponents

37:6x7 (x + ) ’

39: x 8y

11:27x°y%7°

13: 0%

a5:a*b
47:2x3y% 7%
49:4x3 (x + 2)°
51: 32x°

53: =Xy

55: 1642 b% c2

. 125
57: _27y3
16x*y*
59: 2

81z4

61:27x 6

63:x y¥

65:27x%y3
67: 492 b3 4

69: 8> (x + 1)15

8
; 825
81b
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73:

75

77:

79:

81:

83:

85: —

87:

89:

97:

99:

10

64 yo=1)"*

Z30

x9y14
_81a10b19
—27)612)76
—125x 15y15

10244°b"°

-1

1

1:-4

103: 9x 270

105: 6x3y3 78

107:1

5.1 Rules of Exponents
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109: 3y

5.1 Rules of Exponents 774
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5.2 Introduction to Polynomials

8. An algebraic expression
consisting of terms with real
number coefficients and
variables with whole number
exponents.

9. The exponent of the variable; if
there is more than one variable
in the term, the degree of the
term is the sum their
exponents.

LEARNING OBJECTIVES

1. Identify a polynomial and determine its degree.
2. Evaluate a polynomial for given values of the variables.
3. Evaluate a polynomial using function notation.

Definitions

A polynomial’® is a special algebraic expression with terms that consist of real
number coefficients and variable factors with whole number exponents.

Examples of polynomials:

3 Txy +5 %x3 +3x%- %x +1 6x%y — 4x)y° — 4xy° + 7

Polynomials do not have variables in the denominator of any term.

Examples that are not polynomials:

2
2i 5\/;+5 5x2+3x2+7
Y

= | N

The degree of a term’ in a polynomial is defined to be the exponent of the variable,
or if there is more than one variable in the term, the degree is the sum of their
exponents. Recall that x° = 1; any constant term can be written as a product of x°
and itself. Hence the degree of a constant term is 0.
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3x? 2

6x2y 2+1=3

14| 2+3=5

0

,since 8 = 8x°

2x 1, since X = xl

The degree of a polynomial'’ is the largest degree of all of its terms.

4’ = 3x% +2x =1 5

10. The largest degree of all of its
terms.

5.2 Introduction to Polynomials 776
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6x2y — 5xy> +7 |4, because 5xy> has degree 4.

1 5 1
§x+ — 1,because x = Xx

We classify polynomials by the number of terms and the degree as follows:

5x7 Monomial' (one term) 7
8x0 — 1 Binomial'? (two terms) 6
“3x2+x -1 Trinomial® (three terms) |2
11. Polynomial with one term.

12. Polynomial with two terms.

13. Polynomial with three terms.

5.2 Introduction to Polynomials 777
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14. An algebraic expression
consisting of terms with real
number coefficients and
variables with whole number
exponents.

5.2 Introduction to Polynomials

Expression Classification Degree

5x3 — 2x? + 3x — 6 | Polynomial'* (many terms) | 3

In this text, we will call polynomials with four or more terms simply polynomials.

Example 1: Classify and state the degree: 7x> — 4x> — 1.

Solution: Here there are three terms. The highest variable exponent is 5. Therefore,
this is a trinomial of degree 5.

Answer: Trinomial; degree 5

Example 2: Classify and state the degree: 12a° bc>.

Solution: Since the expression consists of only multiplication, it is one term, a
monomial. The variable part can be written as @ b' ¢*; hence its degree is

5+1+3=0.

Answer: Monomial; degree 9

Example 3: Classify and state the degree: 4x2y — 6xy* + 5x3y3 + 4.

Solution: The term 4x2y has degree 3; —6xy* has degree 5; 5x3y> has degree 6;
and the constant term 4 has degree 0. Therefore, the polynomial has 4 terms with
degree 6.
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Answer: Polynomial; degree 6

Of particular interest are polynomials with one variable'’, where each term is of
the form a,x". Here a, is any real number and n is any whole number. Such
polynomials have the standard form

n n-1
anx +an_1x +---+a1x+a0

Typically, we arrange terms of polynomials in descending order based on the
degree of each term. The leading coefficient'® is the coefficient of the variable with
the highest power, in this case, a,.

Example 4: Write in standard form: 3x — 4x? + 5x° + 7 — 2x*.

Solution: Since terms are separated by addition, write the following:

3x—4x* +5x° +7-2x"

=3x+ (=4x?) +5x" + 7+ (-2x")

In this form, we can see that the subtraction in the original corresponds to negative
coefficients. Because addition is commutative, we can write the terms in descending
order based on the degree of each term as follows:

= (-2x") +5x° + (-4x°) +3x+7

=-2x" 4+5x° —4x? +3x+7

15. A polynomial where each term
has the form a,x", where a,
is any real number and n is any

whole number. Answer: —2x% + 5x3 —4x2 +3x+ 7

16. The coefficient of the term
with the largest degree.

5.2 Introduction to Polynomials 779
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We can further classify polynomials with one variable by their degree as follows:

5 Constant (degree 0)

2x+1 Linear (degree 1)

3x2 +5x -3 Quadratic (degree 2)

x> +x>+x+1 |cCubic (degree 3)

7x* + 3x3 — 7x + 8 | Fourth-degree polynomial

In this text, we call any polynomial of degree n > 4 an nth-degree polynomial. In
other words, if the degree is 4, we call the polynomial a fourth-degree polynomial.
If the degree is 5, we call it a fifth-degree polynomial, and so on.

5.2 Introduction to Polynomials 780
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Evaluating Polynomials

Given the values for the variables in a polynomial, we can substitute and simplify
using the order of operations.

Example 5: Evaluate: 3x — 1, where x = — %

Solution: First, replace the variable with parentheses and then substitute the given
value.

3x-1=3( )-1
=3-P-1
S
=_9_2
272
—_u
2
Answer: -11/2
Example 6: Evaluate: 3x2 + 2x — 1, where x = —1.
Solution:
3t +2x-1=3 () +2() —1
=3(-1)"+2(-1)-1
=3.1-2-1
=3-2-1
=0
Answer: 0
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Example 7: Evaluate: —2a%b + ab® — 7, where a = 3and b = —2.

Solution:
2a*brabt=T==2( Y( Y+( ) )V =7
=203)" 2+ B) (-2 -7
=-2:9(=2)+3-4-7
=36+12-7
— 41
Answer: 41

Example 8: The volume of a sphere in cubic units is given by the formula
V=23 nr’, where r is the radius. Calculate the volume of a sphere with radius
r = Zmeters.

Solution:
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Answer: % zcubic meters

Try this! Evaluate: x3 = x2 + 4x — 2, where x = —3.
Answer: -50

Video Solution

(click to see video)
Polynomial Functions

Polynomial functions with one variable are functions that can be written in the
form

n-1

fx)=ax"+a, x"" +-+a,,

where a, is any real number and n is any whole number. Some examples of the
different classes of polynomial functions are listed below:
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17. A polynomial function with
degree 0.

18. A polynomial function with
degree 1.

19. A polynomial function with
degree 2.

20. A polynomial function with
degree 3.

5.2 Introduction to Polynomials

fx)=5 Constant function'’ (degree 0)

fx)=-2x+1 Linear function'® (degree 1)

f (x) = 5x% + 4x — 3 | Quadratic function (degree 2)

fo)=x>-1 Cubic function® (degree 3)

f (x) = 4x° + 3x* — 7| Polynomial function

Since there are no restrictions on the values for x, the domain of any polynomial
function consists of all real numbers.

Example 9: Calculate: £(5), given f (x) = —2x2 + 5x + 10.

Solution: Recall that the function notation f(5) indicates we should evaluate the
function when x = 5. Replace every instance of the variable x with the value 5.
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5.2 Introduction to Polynomials

£6)==205)"+5(5)+10
=-2-25+25+10
=-50+25+10
=—15

Answer: f (5) =—15

Example 10: Calculate: f(—1), given f (x) = —x> 4+ 2x°> — 4x + 1.

Solution: Replace the variable x with -1.

FED==E=D 421 -4 (=1)+1
=—(-)+2-1+4+1
=1+2+4+1
=8

Answer: f (—1) = 8

Try this! Given g (x) = x> — 2x? — x — 4, calculate g(—1).
Answer: g (—1) = —6

Video Solution

(click to see video)
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KEY TAKEAWAYS

« Polynomials are special algebraic expressions where the terms are the
products of real numbers and variables with whole number exponents.

« The degree of a polynomial with one variable is the largest exponent of
the variable found in any term.

¢ The terms of a polynomial are typically arranged in descending order
based on the degree of each term.

« When evaluating a polynomial, it is a good practice to replace all
variables with parentheses and then substitute the appropriate values.

« All polynomials are functions.
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TOPIC EXERCISES

Part A: Definitions

Classify the given polynomial as linear, quadratic, or cubic.

1.2x+ 1

2.x% +Tx +2
3.2 =3x% +x
4.4x

5.x2 —x3 +x+1
6.5 — 10x3

Classify the given polynomial as a monomial, binomial, or trinomial and state the
degree.

7.x° — 1

8.x2y?
9.x—x> +1

10.x2 +3x—1

1. 5ab*

13.—=5x3 + 2x + 1
14.8x%2 -9

15.4x° — 5x3 + 6x
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5.2 Introduction to Polynomials

16.8x* — x> +2x =3
17.9x + 7

18.x° +x* +x3 +x%2 —x+1
19.6x 7! +5x* -8

zo.% —3x% +3

21.7

79, 57

23.4x%y — 3x3y° + xy°
24.@°b* — 6ab

25.°b°

2
x? _ Y
X

26. 5
27.xy — 3

28.@bc* + 3d° — Sa*bc

29.=3x 10927 — xy2z + 9x 13 430

30, 7x°

Write the following polynomials in standard form.
31.1 — 6x + 7x?
32.x — 9x2 — 8

33.7 — x> +x’ —x2 +x-5x°
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5.2 Introduction to Polynomials

4.0 —d +6a —a+3—d
Part B: Evaluating Polynomials
35. Fill in the following chart:

X )C2

36. Fill in the following chart:

3
X X

Evaluate.

37.2x — 3, wherex = 3

38.x2% — 3x + 5, wherex = =2

39. — l)C+ %,Wherex = —

1
2 3

40, —x 2 + 5x — 1, wherex = —

=

41, —-2x% + 3x — 5,wherex =0
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42.8x> — 27x3 + 81x — 17, wherex = 0
43.y3 — 2y + 1, wherey = =2
44.)74 + 2y2 — 32, wherey = 2

45.a@ +2a2 + a — 3 wherea = =3

46.x° —xz,wherex=5
3,2_1 3 - _2

47. 7 X 2)C+ 6,whereX— 3
2.2 1 1 _

48. 2 X 7 X+ 5 wherex = 4

49.x2y +xy2,wherex =2andy = -3
50.2a° b — ab4 + azbz,wherea = —landb = =2

51.a% — bz,wherea = S5and b = —6

INTS

52. 0% — bz,wherea = %andb = —
53.0° — bs,wherea = —2andb = 3
54. @ ar b3,wherea = Sandb = -5

For each problem, evaluate b — 4ac, given the following values.
55,0 = —1,b = 2,andc = —1
s6.a=2b=—2,andc =
5. =3b=-5,c=0

58.a = I,b =0,andc = —4
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59.0 = — b =—4,andc = 2

1
4’

1,b=5,andc =6

60.d

The volume of a sphere in cubic units is given by the formula V' = % ar , wherer
is the radius. For each problem, calculate the volume of a sphere given the following
radii.

61.r = 3 centimeters

62.r =1 centimeter

63.7=1/2 feet

64.r=3/2 feet

65.r=0.15in

66. r = 1.3 inches

The height in feet of a projectile launched vertically from the ground with an initial
velocity V() in feet per second is given by the formula h = —16¢ 24y 0l, where

t represents time in seconds. For each problem, calculate the height of the projectile
given the following initial velocity and times.

67.vo = 64 feet/second, at times t =0, 1, 2, 3, 4 seconds

68.vo = 80 feet/second, at times t=0, 1, 2, 2.5, 3, 4, 5 seconds

The stopping distance of a car, taking into account an average reaction time, can be
estimated with the formulad = 0.05v 2415 , where d is in feet and v is the

speed in miles per hour. For each problem, calculate the stopping distance of a car
traveling at the given speeds.

69. 20 miles per hour
70. 40 miles per hour

71. 80 miles per hour
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72. 100 miles per hour

Part C: Polynomial Functions
. . . _ 2 .
Given the linear function f (X) = 37X + 6, evaluate each of the following.

73.f(—=6)

74.f (=3)

75.f (0)

76.f (3)

77. Find x when f (x) = 10.

78.Find x when f (x) = —4.

Given the quadratic function f (X) = 2x T , evaluate each of the
following.

79.f(=2)
80.f (=1)
81.f (0)
82.f(2)

3

Given the cubic function g (X) = x° — X S — 1, evaluate each of the

following.
83.82(—2)
84.g (—1)
85.2 (0)

86.2 (1)
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The height in feet of a projectile launched vertically from the ground with an initial

velocity of 128 feet per second is given by the function h(t) = —16t¢ 2 4+ 128¢ ,
where t is in seconds. Calculate and interpret the following.

87.h(0)

88.h (L)

89. h(1)

90. h(3)

91. h(4)

92. h(5)

93. h(7)

94. h(8)

Part D: Discussion Board Topics

95. Find and share some graphs of polynomial functions.
96. Explain how to convert feet per second into miles per hour.

97. Find and share the names of fourth-degree, fifth-degree, and higher
polynomials.
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ANSWERS

1: Linear

3: Quadratic

5: Cubic

7: Binomial; degree 3

9: Trinomial; degree 5

11: Monomial; degree 5
13: Trinomial; degree 3
15: Trinomial; degree 5
17: Binomial; degree 1

19: Not a polynomial

21: Monomial; degree 0
23: Trinomial; degree 6
25: Monomial; degree 6
27: Binomial; degree 2

29: Polynomial; degree 14
31: 7x2 — 6x + 1
33:x7 —5x° —x3 —x2+x+7

35:
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37:

39:

41:

43:

45:

47:

49:

51:

53:

55:

57:

59:

61:

63:

65:

5.2 Introduction to Polynomials
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-15

7/6

14
361 cubic centimeters
/6 cubic feet

0.014 cubic inches
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67:

t =0 seconds | h =0 feet

t=1second |h =48 feet

t =2 seconds | h = 64 feet

t =3 seconds | h = 48 feet

t =4 seconds | h =0 feet

69: 21.5 feet

71: 321.5 feet

73:2

75:6

77:X = 6

79: 19

81:5

83:-15

85:-1

87: The projectile is launched from the ground.

89: The projectile is 112 feet above the ground 1 second after launch.
91: The projectile is 256 feet above the ground 4 seconds after launch.

93: The projectile is 112 feet above the ground 7 seconds after launch.
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5.3 Adding and Subtracting Polynomials

LEARNING OBJECTIVES

1. Add polynomials.
2. Subtract polynomials.
3. Add and subtract polynomial functions.

Adding Polynomials

Recall that we combine like terms, or terms with the same variable part, as a means
to simplify expressions. To do this, add the coefficients of the terms to obtain a
single term with the same variable part. For example,

5x% +8x% =13x7

Notice that the variable part, x2, does not change. This, in addition to the
commutative and associative properties of addition, allows us to add
polynomials™'.

Example 1: Add: 3x + (4x — 5).

Solution: The property + (a + b) = a + hwhich was derived using the

distributive property, allows us to remove the parentheses so that we can add like
terms.

3x+ 4x-5)=3x+4x-5
=T7x-5

21. The process of combining all
like terms of two or more Answer: 7x — 5
polynomials.
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Example 2: Add: (3x2 + 3x + 5) + (2x2 —Xx - 2).

Solution: Remove the parentheses and then combine like terms.

(3x® +3x+5)+ (2x* —x—2)=3x" +3x+5+2x" —x -2
=3x" +3x+5+2x" —x -2

=5x" +2x+3

Answer: 5x2 4+ 2x + 3

Example 3: Add: (—5x2y —2xy? + 7xy) + (4x2y + Txy? — 3xy).

Solution: Remember that the variable parts have to be exactly the same before we
can add the coefficients.

(=5x*y—2xy* + Txp)+(4x’y + Txp* —3xy)

=-5x"y—2xp" + Txy +4x° y +7xy’ —3xy

=—x"y+5xy’ +4xy

Answer: —x2y + 5xy? + 4xy

It is common practice to present the terms of the simplified polynomial expression
in descending order based on their degree. In other words, we typically present
polynomials in standard form, with terms in order from highest to lowest degree.
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Example 4: Add: (a—4a3 +a —8) + (—9a5 + d* —7a+5+a3.)

Solution:

(a—4a’ +a’ =8)+ (-9a’ +a* —Ta+5+a’)
=a-4a’ +a’-8-9a" +a* —Ta+5+a’

=-8a’+a'-3a’—6a-3

Answer: —8a° + d* — 3a® — 6a — 3

Try this! Add: (6 —5x3 +x2 - x) + (x2 +x+ 6x° — 1).
Answer: x> + 2x2 + 5

Video Solution

(click to see video)
Subtracting Polynomials

When subtracting polynomials*’, we see that the parentheses become very
important. Recall that the distributive property allowed us to derive the following:

—(a+b)=-a-b

In other words, when subtracting an algebraic expression, we remove the
parentheses by subtracting each term.

22. The process of subtracting all
the terms of one polynomial
from another and combining
like terms.

Example 5: Subtract: 10x — <3x + 5).
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Solution: Subtract each term within the parentheses and then combine like terms.

10x-3x+5)=10x-3x-5
=T7x-5

Answer: 7x — 5

Subtracting a quantity is equivalent to multiplying it by -1.

Example 6: Subtract: (3x2 + 3x + 5) — (2)C2 —X— 2).

Solution: Distribute the -1, remove the parentheses, and then combine like terms.

(3x2+3x+5)—(2x2—x—2)
=3x2+3x+5-2x"+x+2

=x"+4x+7

Answer: x2 + 4x + 7

Multiplying the terms of a polynomial by -1 changes all the signs.

Example 7: Subtract: (—5x3 —2x% + 7) - (4x3 + 7x? = 3x + 2)

Solution: Distribute the -1, remove the parentheses, and then combine like terms.
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(=52 222 +7)-(4x° +7x* —3x+2)
=55 =2 4T =A% = T5° £35x—2

=-9x’ —9x* +3x+5

Answer: —9x3 — 9x2 + 3x + 5

Example 8: Subtract 6x2 — 3x — 1 from 2x? + 5x — 2.

Solution: Since subtraction is not commutative, we must take care to set up the
difference correctly. First, write the quantity (2x2 + 5x — 2); from this, subtract

the quantity (6)62 — 3x — 1).

(2x* +5x=2)— (6x* =3x—1)
=2x" +5x—2-6x"+3x+1
=—4x* +8x—1

Answer: —4x2 + 8x — 1

Example 9: Simplify: (2)62 —3x+ 5) - (x2 —-3x+ 1) + (5x2 —4x — 8)

Solution: Apply the distributive property, remove the parentheses, and then
combine like terms.

Q2x*=3x+5)— (x> =3x+1)+(5x* —4x-8)
=2x" -3x+5-x" +3x—1+5x>—4x-8
=6x" —4x—4
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Answer: 6x2 — 4x — 4

Try this! Subtract: (szy — 5xy2 + 6) — (xzy + 2xy2 - 1).
Answer: 7x?y — Txy* + 7

Video Solution

(click to see video)
Adding and Subtracting Polynomial Functions

We use function notation to indicate addition and subtraction of functions as
follows:

Addition of functions: (f +g ) x)=fx+gkx)

Subtraction of functions: (f — g) ) =fx)—gkx)

When using function notation, be careful to group the entire function and add or
subtract accordingly.

Example 10: Calculate: (f + g)(x), given f (x) = —x? — 3x + 5 and
g(x) =3x24+2x+ 1.

Solution: The notation (f + g)(x) indicates that you should add the functions
f (x) + g(x) and collect like terms.

F(xX)+g ) =(=x"=3x+5)+@x* +2x+1)

=—x?=3x+5+3x +2x+1
=2x"—x+6
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Answer: (f + g)(x) = 2x> —x+ 6

Example 11: Calculate: (f — g)(x), given f (x) = 2x — 3 and
g(x) = —=2x> +2x + 5.

Solution: The notation (f — g)(x) indicates that you should subtract the functions

f(x) = g(x):

f(x)—g(x) =(2x-3)— (2x* +2x+5)
=2x-3+2x"-2x-5
=2x*-8

Answer: (f — g)(x) = 2x% — 8

We may be asked to evaluate the sum or difference of two functions. We have the
option to first find the sum or difference and use the resulting function to evaluate
for the given variable, or to first evaluate each function and then find the sum or
difference.

Example 12: Calculate: (f — g)(5), given f (x) = x> + x — 7 and g (x) = 4x + 10.
Solution: First, find (f — g) (x) = f (x) — g(x)
f(x)—gx)=E"+x-7)—(4x+10)

=x+x-7-4x-10

=x>-3x-17
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Therefore,
(f -2)(x) =x*-3x-17
Next, substitute 5 for the variable x.

(f-2) (5)=(5"-3(5)-17
=25-15-17
=-7

Answer: (f - g) (5) = -7

Alternate Solution: Since (f — g)(5) = f(5) — g(5) we can find f(5) and g(5) and
then subtract the results.

f @) =x"+x=7 g (x)=4x+10

) =G +(5)-17 2(5)=4(5)+10
=25+5-7 =20+10
=95 =30

Therefore, we have

(S-8OS =/f(5)-g(®)
=23-30
=—7

Answer: (f - g) (5) = -7
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KEY TAKEAWAYS

¢« When adding polynomials, remove the associated parentheses and then
combine like terms.

+ When subtracting polynomials, distribute the -1 and subtract all the
terms before removing the parentheses and combining like terms.

+ The notation (f + g) (x) indicates that you add the functions.
+ The notation (f — g) (x) indicates that you subtract the functions.
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TOPIC EXERCISES

Part A: Addition of Polynomials
Add.
L2x+ D)+ (—x+7)
2.(—6x+5)+ Gx—1)
s (2x+3)+ (2x-2)
L(be-3)+ (B )
5.2x+ D)+ (x=3)+ (5x-2)
6.(2x—8) + (=3x*+7x—15)
7.(x* =3x+7)+ (3x* —8x-5)
8.(—5x2—1+x)+ (—x+7x?-9)
0 (3 4 drm6) + (267 - Fr )
1. (x2+5)+ (B3x? —=2x+ 1)+ (x? +x-23)
12.(@ —a*+a-8)+ (& +d +6a—2)
13. (& = 8) + (=3¢ + 52 - 2)
14. (4 + 54 —a) + (3d* =24 +7)

(

15. (2x 2 +5x—12) (7x—5)
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24. (10> — Tab + 8ab® ) + (6a*b — ab + 5ab” )

25. Find the sumof 2x + 8 and 7x — 1.

1
5

26. Find the sum of % X — — and % X+ %
27. Find the sum of x 2 — 10x + 8 and5x2 — 2x — 6.
28. Find the sumofa2 — 5a + 10and —9612 + 7a — 11.

29. Find the sum ofx2y2 —xy+6 andx2y2 +xy—17.

30. Find the sum of x> — 9xy 4+ 7y? and —3x2 — 3xy + 7y2.

Part B: Subtraction of Polynomials

Subtract.

31. (5x—3) — (2x— 1)
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32.(=4x + 1) — (7x + 10)

5.(kr-3) - (Gre )

-$x43)- (3a-3)

I
(O8]
=

(O8]
+
I
=

I
o0

S

I

—~

I
o

[\S)
+
I
=
+
[E—
-}

S~—

[N
()
(O8]
I
N
S
I
=
wW
e
N
S
N
S
I
=
I
N
S
(08
=
(\9}
I
=
[\
I
~J
&
S~——
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19. (10a%b — Tab + 8ab*) — (6a*b — ab + Sab*)
50. (10a2b* + Sab — 6) — (5a*b* + 5ab — 6)
51. Subtract 3x + 1 from Sx — 9.

52. Subtrac:t)c2 —5x+ 10 fromx2 + 5x — 5.

53. Find the difference of 3x — 7 and 8x + 6.

54. Find the difference of 2x2 + 3x — 5 and x2 — 0.

55. The cost in dollars of producing customized coffee mugs with a company
logo is given by the formula C = 150 + 0.10x , where x is the number of
cups produced. The revenue from selling the cups in the company store is

givenby R = 10x — 0.05x2 , where x is the number of units sold.

a. Find a formula for the profit. (profit = revenue - cost)

b. Find the profit from producing and selling 100 mugs in the company
store.

56. The cost in dollars of producing sweat shirts is given by the formula

C = 10g + 1200, where C is the cost and q represents the quantity
produced. The revenue generated by selling the sweat shirts for $37 each is
givenby R = 37¢q, where q represents the quantity sold. Determine the
profit generated if 125 sweat shirts are produced and sold.

57. The outer radius of a washer is 3 times the radius of the hole.

a. Derive a formula for the area of the face of the washer.

b. What is the area of the washer if the hole has a diameter of 10
millimeters?

5.3 Adding and Subtracting Polynomials 809



Chapter 5 Polynomials and Their Operations

58. Derive a formula for the surface area of the following rectangular solid.

—

e
’

Part C: Addition and Subtraction of Polynomial

simplify.

50.2x+3)—Gx=8)+(x—=T7)

60. 3x—=5)—(7Tx—11) — (5x + 2)

61.3x—2)— Ux—-—1+ (x+7)

62.(5x—=3) — 2x+ 1D — (x—1)

63. (5x2 =3x+2) — (x*+x—4)+ (7x? —2x—6)
64. (—2x% +x? —8) — (Bx2+x-6)— 2x—1)

65.2x—7)— (x> +3x—7) + (6x—1)

=
\8}
I
v
=
+
I,_.
SN~—"
I
—
|
=
I
B|w
S~—
+
e
N9
"
I
o=
S~~—"

Part D: Addition and Subtraction of Polynomial Functions
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Find (f + &) (x) and (f — g) (x), given the following functions.

71.f (x) =4x —1landg (x) = —3x+ 1

72.f (x) = —x+S5andg (x) = 2x — 3

73.f(x) =3x> —=5x+ 7 and g (x) = —2x°> 4+ 5x — 1

74.f () =x3 +2x? —6x+2andg (x) = 2x> + 2x> - 5x — 1

75.f (x) = %x+%andg(x)= %xz—%x+%

76.f(x)=x2—5x+%andg(x)= %xz—x—%

Givenf (x) = 2x — 3 and g (x) = x2 4 3x — 1, find the following.

7. (f + g) &)

~
o
—~

g+f) X

]
o

N
\

—-g) ()

o0

O
—~~
O‘Q
*ﬁ

(o]
}—l
—~
oQ
+
oQ

/\
l\)
~

)
)
)
~f)

)
+2)(3)
) (-

)

- 8)

)

86. (f — g) (=2)
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87. (g — f) (=2)
s.(g =) (3)

Givenf (x) = 5x% = 3x + 2 and g (x) = 2x2 + 6x — 4, find the
following.

5.3 Adding and Subtracting Polynomials 812



Chapter 5 Polynomials and Their Operations

ANSWERS

1:x+ 8

|
3: X >
5:8x — 4

7:4x% — 11x + 2
9: —x?2 + %x - %
11:5x% —x + 3
13: —2a> + 54 — 10
15:2x2 4+ 12x — 17
17:6x5 +x* — 5x3 +x% —6x -3
19:5x2y? — 10xy — 1
21: =3x2 + y?
23: =5&?b + 2ab* — 6ab — 4
25:9x + 7
27:6x° — 12x 4 2
20:2x%y% — 1
31:3x — 2
1 7

33:—§X—§

35:—3x2 + 12x — 6

5.3 Adding and Subtracting Polynomials 813
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37

39:

41

43

45:

47:

49:

51:

53:

55:

57:

59:

61:

63:

65:

67:

69:

71

73:(f +g) () =x% + 6and (f — g) (x) = 5x? — 10x + 8

:=3x3 +x2-18
2.2__ 1. ._ 8
3 0*7 9

:2a +5a> +a— 10

Sxt 4+ 4x3 +x% + 20+ 1

—x2y? —xy + 14

7x?% + 6xy — 15y2

4a®b + 3ab* — 6ab

2x — 10

—5x — 13

a.P = —0.05x2 + 9.9x — 150 ;b. $340
a.A = 8717 ;b. 628.32 square millimeters
—2x+4

6

11x% — 6x

—x2 +5x -1

—d + 2ab + 3b* - 1

: x%2—x+ 3

:f+g) (x)=x:md(f—g) x)=Tx-2

5.3 Adding and Subtracting Polynomials
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75: (f+g) (x) = %xz = Ji =k %and
1 .2 1
(f—g)(x)=—§x +2x+ ¢
77: (f +g =x2+5x—4
x) = —x—2

(x) =2x2+6x—2

(=2) =

(-2)=4
(x)=Tx>+3x—-2

(x) =3x2—-9x+6

\O
;—\
\
Oc

(=2)=2

\O
(.0
=
+
oQ

) (x
- ¢)
)
)
85: (f — g) (0) =
~f)
)
- ¢)
)
)

<

95: (f + g) (0) =
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5.4 Multiplying Polynomials

LEARNING OBJECTIVES

Multiply a polynomial by a monomial.
Multiply a polynomial by a binomial.

Multiply a polynomial by any size polynomial.
Recognize and calculate special products.
Multiply polynomial functions.

SR R

Multiplying by a Monomial

Recall the product rule for exponents: if m and n are positive integers, then

In other words, when multiplying two expressions with the same base, add the
exponents. This rule applies when multiplying a monomial by a monomial. To find
the product of monomials, multiply the coefficients and add the exponents of
variable factors with the same base. For example,

3x-5x*=3-5-x'-x*  Commutative property
=15%"" Product rule for exponents

=15x"

To multiply a polynomial by a monomial, apply the distributive property and then
simplify each term.

Example 1: Multiply: —5x (4x — 2).
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Solution: In this case, multiply the monomial, —5x, by the binomial, 4x — 2. Apply

the distributive property and then simplify.

ey

—5x(4x—2)

= (=5x)-4x +(-5x)+(-2)

= -20x* +10x

Answer: —20x2 + 10x

Example 2: Multiply: 2x? (3x2 —S5x+ 1).

Solution: Apply the distributive property and then simplify.

AN

2x (3x2 -5x+1)
=2x%3x? =2x% - S5x+2x%-1

=6x" —10x° +2x7

Answer: 6x* — 10x3 + 2x2

Example 3: Multiply: —3ab® (a*b’ + 2a°b — 6ab — 4)
Solution:

—3ab* (a’b’ +2a’b—6ab—4)
= (=3ab*)-a*b’ +(-3ab*) -2a’°b—(-3ab*) -6ab— (-3ab*) -4
= 34’ - 6a’b’ + 184’0 + 12ab’

5.4 Multiplying Polynomials
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Answer: —3a@ b — 64*b> + 1842b° + 12ab*

To summarize, multiplying a polynomial by a monomial involves the distributive
property and the product rule for exponents. Multiply all of the terms of the
polynomial by the monomial. For each term, multiply the coefficients and add
exponents of variables where the bases are the same.

Try this! Multiply: —5x2y (2xy2 — 3xy + 6x%y — 1).
Answer: —10x3y3 + 15x3y? — 30x*y? + 5x2y

Video Solution

(click to see video)

Multiplying by a Binomial

In the same way that we used the distributive property to find the product of a
monomial and a binomial, we will use it to to find the product of two binomials.

(a+b) (c+d)=(a+b)-c+ (a+b)-d
=ac+bc+ad+ bd
=ac+ad+bc+bd

Here we apply the distributive property multiple times to produce the final result.
This same result is obtained in one step if we apply the distributive property to a
and b separately as follows:

AN
(a+b)c+d)=ac+ad+bc+bd
A A

5.4 Multiplying Polynomials 818
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This is often called the FOIL** method. We add the products of the first terms of
each binomial ac, the outer terms ad, the inner terms bc, and finally the last terms
bd. This mnemonic device only works for products of binomials; hence it is best to
just remember that the distributive property applies.

Example 4: Multiply: (2x + 3) (5x - 2).

Solution: Distribute 2x and then distribute 3.

2x+3)(5x-2)=2x-5x-2x-2+3-5x-3-2
=10x" —4x+15x-6

Simplify by combining like terms.

=10x*> +11x-6

Answer: 10x2 + 11x — 6

Example 5: Multiply: (% X — %) (% x+ %)

Solution: Distribute % xand then distribute — i

we apply the distributive
property multiple times in =
such a way as to multiply the
first terms, outer terms, inner
terms, and last terms.

1
2
1
23. When multiplying binomials Z 8 8 16
1
4

5.4 Multiplying Polynomials 819
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5.4 Multiplying Polynomials

L Ly2
Answer.4x —

Example 6: Multiply: (3y2 - 1) (2y + 1).

Solution:

Gy -DR2y+1)=3y>-2y+3y* - 1+(-D)-2y+(-1)-1

=6y’ +3y° -2y-1

Answer: 6y° + 3y? — 2y — 1

After applying the distributive property, combine any like terms.

Example 7: Multiply: (x2 - 5) (3x2 - 2x+ 2).

Solution: After multiplying each term of the trinomial by x> and —35, simplify.

G°=5)Bx* ~2x+2)=x"3x" =X 2x + % 24 (-=5)3x" - (~5) 2%+ (~5)2
- 3x* - 2% +2x* -15x* + 10x =10
=3x*-2x’ -13x* +10x-10

Answer: 3x* — 2x3 — 13x2 + 10x = 10

820



Chapter 5 Polynomials and Their Operations

Example 8: Multiply: (2x — 1)°.

Solution: Perform one product at a time.

2x-1) =2x-1) 2x—-1) 2x—1)
multiply first
=(2x—1) (4x* =2x-2x+1)
simplify j
= 2x—1)(4x* —4x+1)

multiply second
=8x" —8x” +2x—4x* +4x -1
=8x’ —12x" +6x -1

Answer: 8x° — 12x2 + 6x — 1

At this point, it is worth pointing out a common mistake:

Qx-1)" = 2x)* -(1)’

The confusion comes from the product to a power rule of exponents, where we
apply the power to all factors. Since there are two terms within the parentheses,
that rule does not apply. Care should be taken to understand what is different in the
following two examples:

()’ =x*y* v

(x+y)2 =x’+y° %

5.4 Multiplying Polynomials 821
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Try this! Multiply: (2x — 3) (7)62 —S5x+ 4).
Answer: 14x3 — 31x2 + 23x — 12

Video Solution

(click to see video)
Product of Polynomials

When multiplying polynomials, we apply the distributive property many times.
Multiply all of the terms of each polynomial and then combine like terms.

Example 9: Multiply: (2x2 +x— 3) (x2 —2x + 5).

Solution: Multiply each term of the first trinomial by each term of the second
trinomial and then combine like terms.

2x* +x-3)(x* =2x+5) =2x" —4x’ +10x7
+x° =2x* + Sx
—3x"+ 6x—15
=2x* -3x’ +5x* +11x-15

Aligning like terms in columns, as we have here, aids in the simplification process.

Answer: 2x* — 3x3 + 5x2 + 11x =15

Notice that when multiplying a trinomial by a trinomial, we obtain nine terms
before simplifying. In fact, when multiplying an n-term polynomial by an m-term
polynomial, we will obtain n x m terms.

In the previous example, we were asked to multiply and found that

5.4 Multiplying Polynomials 822
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24. We can be fairly certain that
we have multiplied the
polynomials correctly if we
check that a few values
evaluate to the same results in
the original expression and in
the answer.

5.4 Multiplying Polynomials

X +x=-3)(x" =2x+5)=2x" -3x" +5x +11x-15

Because it is easy to make a small calculation error, it is a good practice to trace
through the steps mentally to verify that the operations were performed correctly.
Alternatively, we can check by evaluating® any value for x in both expressions to
verify that the results are the same. Here we choose x = 2:

Q2x*+x-3)(x* =2x+5)=(2(2)* +(2)-3)((2)* =2(2)+5)
=(8+2-3)(4-4+5)

=(M6)
=35

2x* =3x° +5x% +11x—15=2(2)* —=3(2)’ +5(2)* +11(2) - 15
=2.16-3-8+5-4+22-15
=32-24+20+22-15
=35

Because the results could coincidentally be the same, a check by evaluating does not
necessarily prove that we have multiplied correctly. However, after verifying a few
values, we can be fairly confident that the product is correct.

Try this! Multiply: (x2 —2x — 3)2.
Answer: x* —4x3 — 2x%2 + 12x+ 9

Video Solution

(click to see video)

Special Products

In this section, the goal is to recognize certain special products that occur often in
our study of algebra. We will develop three formulas that will be very useful as we

823
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25. The trinomials obtained by
squaring the binomials

(a+b)’ =& +2ab+ b

and

(a —b)’ =& —2ab+ b

5.4 Multiplying Polynomials

move along. The three should be memorized. We begin by considering the following

two calculations:

(a+b) =(a+b)(a+b) (a—b) =(a—b)(a—b)
=a’+ab+ba+b’ =a’—ab—-ba+b’
=a’+ab+ab+b’ =a’—ab—ab+b’
=a’+2ab+b’ =a*-2ab+b’

This leads us to two formulas that describe perfect square trinomials®:

(a+b)’ =a* +2ab+b’
(a-b)’ =a* -2ab+ b’

We can use these formulas to quickly square a binomial.

Example 10: Multiply: (3x + 5)2.

Solution: Here @ = 3xand b = 5. Apply the formula:

(a+b)Y= & + 2a b + b

i (A 1
Bx+5) =30+ 2-30)(5) + )
=9x* +30x+25

Answer: 9x2 + 30x + 25

This process should become routine enough to be performed mentally.
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Example 11: Multiply: (x — 4).

Solution: Here @ = xand b = 4. Apply the appropriate formula as follows:

(a-b)Y'=a - 2ab + b

2 iz P 2
(x=4) =x® -200H+ @
=x*—8x+16

Answer: x2 — 8x + 16

Our third special product follows:

(a+b)(a—b)=a’—ab+ba—b’
=a’—ab+ab-b’

=q’ - b’

This product is called difference of squares®:

(a+b)(a-b)=a’>-b’

The binomials (a + b) and (a — b) are called conjugate binomials”’. Therefore,

when conjugate binomials are multiplied, the middle term eliminates, and the
»product is itself a binomial.

26.8> —b* = (a+b)(a-b
where a and b represent
algebraic expressions.

27. The binomials (a + b) and

(a - b).

5.4 Multiplying Polynomials 825
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5.4 Multiplying Polynomials

Example 12: Multiply: (7x + 4) (7x — 4).

Solution:

(Tx+4)(Tx-4) = (7x)" - 28x +28x -4’

Answer: 49x2 — 16

Try this! Multiply: (—5x + 2)2.
Answer: 25x2 — 20x + 4

Video Solution

(click to see video)

=49x? -16

Multiplying Polynomial Functions

We use function notation to indicate multiplication as follows:

Multiplication of functions:

(f-8) W=rf®-g®

Example 13: Calculate: (f . g) (x), givenf (x) = 5x% and g (x) = —x? + 2x — 3.

Solution: Multiply all terms of the trinomial by the monomial function f (x).
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5.4 Multiplying Polynomials

(/8= ) g
=5x" (-x* +2x-3)

=5x* +10x° —15x2

Answer: (f . g) (x) = =5x* + 10x3 — 15x?

Example 14: Calculate: (f . g) (—1) givenf (x) = —x + 3 and
g(x) =4x> = 3x+6.

Solution: First, determine (f . g) (x).

(f-&)x)=f(x)-g (x)
= (-x+3) @x*=3x+6)
=—4x’ +3x* —6x+12x* —9x+18
=—4x" +15x* —15x +18

We have

(f 2)(x) =-4x" +15x" =15x +18

Next, substitute -1 for the variable x.

(f-2) D =—4 (1) +15 (1) =15 (1)+18
=—4.(-1)+15-1+15+18
=4+15+15+18
=52
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Answer: (f . g) (-1) =352

Because (f . g) (=1) = f (=1) - g (—1) we could alternatively calculate f(—1) and
g(—1) separately and then multiply the results (try this as an exercise). However, if
we were asked to evaluate multiple values for the function ( f- g) (x), it would be
best to first determine the general form, as we have in the previous example.

KEY TAKEAWAYS

« To multiply a polynomial by a monomial, apply the distributive property
and then simplify each of the resulting terms.

+ To multiply polynomials, multiply each term in the first polynomial
with each term in the second polynomial. Then combine like terms.

¢ The product of an n-term polynomial and an m-term polynomial results
in an m x n term polynomial before like terms are combined.

¢ Check results by evaluating values in the original expression and in your
answer to verify that the results are the same.

« Use the formulas for special products to quickly multiply binomials that
occur often in algebra.
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TOPIC EXERCISES

Part A: Product of a Monomial and a Polynomial
Multiply.

1.5x (—3x2y)

2. (—2x3y2) (—3xy4)
3.5 (4x—3)

i3 (2x-6)
5.3x(5x — 2)

6. —4x(2x — 1)

7.x2(3x + 2)

8. —6x2(5x + 3)
9.2ab(4a — 2b)

10.58b (& - b*)
11.6x2y3 (—3x3y b xyz)
12.3ab” (=5ab® + 6a*b)
13. — 2 x2y(4xy — 10)
14.=3x*y? (3x%y?)

15.2x 2 (—5x3) (3x4)

5.4 Multiplying Polynomials 829
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5.4 Multiplying Polynomials

16.

17.

18.

19.

20.

2L,

22.

23.

24.

253,

26.

274

28.

29.

30.

31.

32.

dab (b’c) (d*b*c*)
—2 (5x% = 3x + 4)

2 (25x2 = 50xy + 5y7)
3x (5x2 = 2x +3)
—x(x2+x-1)

x? (3x% =5x=17)

x3 (—4x? = Tx+9)
Tx* (83 - 242 + 2 x-5)

13(2 5_2,3 2_)
X (35X 3x+2xl

@b (a2 — 3ab + bz)

6a>bc? (Za —3b + cz)

%xy2 (9x3y — 27xy + 3xy3)

—3x2y? (12x2 — 10xy — 6y2)

Find the product of 3x and 2x% — 3x + 5.

Find the product of —8y and y? — 2y + 1.

Find the product of —4x andx* — 3x3 4+ 2x2 — 7x + 8.

Find the product of 3xy2 and —2x 2y + 4xy — xy2 .

Part B: Product of a Binomial and a Polynomial
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Multiply.

33.(3x — 2) (x + 4)
34.(x +2) (x —3)
3.0 = 1) (x+ 1)
36.(3x — 1) (3x + 1)
37.(2x = 5) (x +3)
38. (5x —2) Gx+4)

39.(=3x+1) x—1)

49. (x — 5) (2x2 + 3x + 4)
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5.4 Multiplying Polynomials

50.3x — 1) (x? —4x +7)
51.(2x — 3) (4x% +6x+9)
s2. (5x + 1) (25x2 = 5x + 1)

) (3x2 + 4x — 1)

1
53. (X >

sa.(3x— 1) (3x* +9x-3)
55. (x + 3)°

56. (x — 2)°

57.(3x — 1)°

58. (2 +y)

59. (5x —2) (2x® —4x? +3x - 2)
60. (x* —2) (x? —2x* +x+1)

Part C: Product of Polynomials

65. (a + 2b — c)2
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5.4 Multiplying Polynomials

66.(x+y+z)2

67.(x — 3)*

68. (x +) )

69. Find the volume of a rectangular solid with sides measuring x, X + 2,

and X + 4 units.

70. Find the volume of a cube where each side measures X — 5 units.

Part D: Special Products

Multiply.

71.(x + 2)?
72.(x — 3)?

73. (2x S5 5) ’
74.(3x = 7)*
75.(=x + 2)?
76.(=9x + 1)?
77. (a i 6)2
8. (2a — 3b)°

79. (%X'F %)2
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5.4 Multiplying Polynomials

81. (x2 + 2)2

82. (x2 + y2)2
83.(x+4) (x—4)
84.2x+ 1) 2x—1)

85. (Sx + 3) (5x — 3)

86.

88.

(
. (
(
(

90. (a3 —b3) (a3 +b3)

91. A box is made by cutting out the corners and folding up the edges of a
square piece of cardboard. A template for a cardboard box with a height of 2
inches is given. Find a formula for the volume, if the initial piece of
cardboard is a square with sides measuring x inches.

92. A template for a cardboard box with a height of x inches is given. Find a
formula for the volume, if the initial piece of cardboard is a square with
sides measuring 12 inches.
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5.4 Multiplying Polynomials

Part E: Multiplying Polynomial Functions

For each problem, calculate (f - g) (x), given the functions.
93.f (x) = 8xandg (x) =3x—5

94.f (x) = x> andg (x) = =5x + 1

95.f (x) =x—Tandg (x) = 6x — 1

96.f (x) = Sx +3 andg (x) = x2 +2x — 3
97.f (x) =x%2 +6x —3andg (x) =2x%2 —3x+5
98.f(x) =3x2> —x+ landg(x) = —x2 +2x — 1

Givenf (x) = 2x — 3 and g (x) = 3x — 1, find the following.

Givenf (x) = 5x — 1 and g (x) = 2x 2 _4x+5 , find the following.
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105. (f - g

111. (f ~f) (x)

112. (g . g) (x)

Part F: Discussion Board Topics

113. Explain why (x + y) ’ # x> +y2

114. Explain how to quickly multiply a binomial with its conjugate. Give an
example.

115. What are the advantages and disadvantages of using the mnemonic
device FOIL?
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ANSWERS

1: —15x3y

3:2 —%

5:15x2 — 6x

7:3x3 + 2x?
9:8a2b — 4ab*

11: —18x°y* + 6x3y°
13: —2x3y? + 5x2y
15: —30x°

17:—10x% + 6x — 8
19: 15x3 — 6x2 + 9x
21:3x% — 5x3 — 7x?

5

— 3 x4
X T X

23:2x7 — 2 x84+ ¢
25:a*b — 3a’b* + &b’

27:6x%y3 — 18x2y3 + 2x2y°

20:6x° — 9x? + 15x

31: —4x° 4+ 12x* — 8x3 + 28x2 — 32x

33:3x2 + 10x — 8
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5.4 Multiplying Polynomials

35:x% — 1

37:2x% + x — 15

39: =3x% + 4x — 1

a:y? — %

43: %xz + %x+ %

45:y° 42y —2y—4

a7:d* — b*

40:2x3 — 7x? — 11x — 20

51: 8x3 — 27

53:3x° + %xz — 3x + %

55:X° 4+ 9x? + 27x + 27

57:27x° — 27x% + 9x — 1

59: 10x* — 24x3 4+ 23x2? — 16x + 4
61:x* +x3 +x+1

63:2x% + Tx3 —12x2 +28x -5
65: > + 4ab — 2ac + 4b*> — 4bc + 2

67:x% — 12x3 + 54x% — 108x + 81

69:x° + 6x2 + 8x
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5.4 Multiplying Polynomials

71:x% +4x + 4
73:4x2 + 20x + 25
75:x% — 4x + 4
77:0> + 12a + 36
79: 2 X% + X+ =

sx* +4x2 +4

83:x2 — 16

85:25x%2 — 9
.9 .,2 _ 4

87: 7 X =

80: 16x2 — y?

o1: V = 2x2 — 16x + 32 cubic inches

93: (f - g) (x) = 24x? — 40x

95: (f - g) (x) = 6x* —43x +7

97: (f - g) () = 2x* +9x? — 19x2 + 39x — 15
99: (f - g) (x) = 6x? — 11x + 3

105: (f - g) () = 10x? = 22x% +29x — 5
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107: (f . g) 0)=-5
100: (f - g) (1) =12

111: (f -f) (x) = 25x% — 10x + 1
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5.5 Dividing Polynomials

LEARNING OBJECTIVES

1. Divide by a monomial.
2. Divide by a polynomial using the division algorithm.
3. Divide polynomial functions.

Dividing by a Monomial

Recall the quotient rule for exponents: if x is nonzero and m and n are positive
integers, then

In other words, when dividing two expressions with the same base, subtract the
exponents. This rule applies when dividing a monomial by a monomial. In this
section, we will assume that all variables in the denominator are nonzero.

28y3
Ty *

Example 1: Divide:

Solution: Divide the coefficients and subtract the exponents of the variable y.

28y’ _ §y3-1
Ty 7
= 4iV2

Answer: 4y?
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24x7y5

Example 2: Divide: T

Solution: Divide the coefficients and apply the quotient rule by subtracting the
exponents of the like bases.

24x"y _ ﬁx7—3 50
8x’y? 8

4 .3

=3x"y

Answer: 3x%y?

When dividing a polynomial by a monomial, we may treat the monomial as a
common denominator and break up the fraction using the following property:

a+b a b
= —4 —
c c ¢

Applying this property results in terms that can be treated as quotients of
monomials.

—5x*+25x3—15x2

Example 3: Divide: o2

Solution: Break up the fraction by dividing each term in the numerator by the
monomial in the denominator and then simplify each term.

5.5 Dividing Polynomials
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—5x* +25x° —15x* 5x" N 25x° 3 15x%

5x2 562 5x? 5x°
_ _§x4—2 +£x3_2 _Exz—z
5 5 5
=—1x*+5x' -3x°
=-x’+5x-3-1

Answer: —x2 + 5x — 3

Check your division by multiplying the answer, the quotient®, by the monomial in
the denominator, the divisor®’, to see if you obtain the original numerator, the

dividend™°.

dividend

— = quotient
divisor

or

dividend = divisor - quotient

5x7 - (=x? +5x=3)=5x" (=x?)+5x" - Sx—5x" -3

=-5x*+25x-15x* v

94 b—T12b*+32b

Example 4: Divide: 75

Solution:

28. The result after dividing.
29. The denominator of a quotient.

30. The numerator of a quotient.
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31. The process of dividing two
polynomials using the division
algorithm.

5.5 Dividing Polynomials

9a'b—Ta’b* +3a’h _ 9a*h  7a’b*  3a’b

= — +
-3a’bh 3a’d -3a’b -3a%b
:—2614_2191_1 +Za3—2b2—1 _Ea2—2b1—1
3 3

=-3a’b" +%alb1 —1a"p°
=—3a2-1+%ab—1-1~1

=34’ +Zab—1
3

Answer: —3a> + 2 ab — 1The check is optional and is left to the reader.

Try this! Divide: (16x5 — 8x* +5x3 + 2x2) < (2x2)
Answer: 8x° — 4x? + Sx+1

Video Solution

(click to see video)

Dividing by a Polynomial

The same technique outlined for dividing by a monomial does not work for
polynomials with two or more terms in the denominator. In this section, we will
outline a process called polynomial long division®', which is based on the division
algorithm for real numbers. For the sake of clarity, we will assume that all
expressions in the denominator are nonzero.

x343x2—8x—4

Example 5: Divide: o

Solution: Here x — 2 is the divisor and x> + 3x2 — 8x — 4 is the dividend.
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Step 1: To determine the first term of the quotient, divide the leading term of the
dividend by the leading term of the divisor.

()

x— 2> x’+3x* —8x—4 Begin by dividing the leading terms.

3 2
X X=X

Step 2: Multiply the first term of the quotient by the divisor, remembering to
distribute, and line up like terms with the dividend.

2

X
x- 2))63 +3x" -8x -4 Distribute and line up like terms.
x* -2x" x> (x-2)=x"-2x

Step 3: Subtract the resulting quantity from the dividend. Take care to subtract

both terms.
x2
x— 2) x +3x2-8x—4 Subtract.
-’ -2x") —(x’ =2x") ==x’ +2x°
5x7

Step 4: Bring down the remaining terms and repeat the process from step 1.

xr 7
x— 2))63 +3x* —8x—4 Bring down the remaining terms.
—(x* =2x%)
5x* —8x—4

5.5 Dividing Polynomials 845



Chapter 5 Polynomials and Their Operations

32. The expression that is left after
the division algorithm ends.

5.5 Dividing Polynomials

Notice that the leading term is eliminated and that the result has a degree that is
one less than the dividend. The complete process is illustrated below:

9x? —12x+16
3x+4> 27x° +0x% +0x + 64

—(27x° +36x%)
—36x*+ Ox+64
—(=36x% —48x)

48x +64
— (@8x +64)

0

Polynomial long division ends when the degree of the remainder?” is less than the
degree of the divisor. Here the remainder is 0. Therefore, the binomial divides the
polynomial evenly and the answer is the quotient shown above the division line.

X +3x° -8x-4

x=-2

=x’+5x+2

To check the answer, multiply the divisor by the quotient to see if you obtain the
dividend:

X +3x7 —8x—4=(x-2)(x" +5x+2)

Answer: xZ + 5x + 2

Next, we demonstrate the case where there is a nonzero remainder.
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5.5 Dividing Polynomials

quotient

divisor idz’vidend

remainder

Just as with real numbers, the final answer adds the fraction where the remainder is
the numerator and the divisor is the denominator to the quotient. In general, when
dividing we have

dividend . remainder
— = quotient + ——

divisor divisor

If we multiply both sides by the divisor we obtain

dividend = quotient x divisor + remainder

6x2—5x+3

Example 6: Divide: ——

Solution: Since the denominator is a binomial, begin by setting up polynomial long
division.

2

2x-1)6x*=5x+3

To start, determine what monomial times 2x — 1 results in a leading term 6x2.
This is the quotient of the given leading terms: (6x2) + (2x) = 3x. Multiply 3x
times the divisor 2x — 1 and line up the result with like terms of the dividend.
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3%

2x—1)6x* =5x+3

6x> —3x

Subtract the result from the dividend and bring down the constant term +3

3x ?

2x—1j6x2—5x+3
— 6x* —3x)
—-2x+3

Subtracting eliminates the leading term and —5x — (—3x) = —5x + 3x = —2x
The quotient of —2x and 2x is -1. Multiply 2x — 1 by -1 and line up the result.

3x—1
2x—1j6x2—5x+3
— (6x” —3x)

—2x+3
—2x+1

Subtract again and notice that we are left with a remainder

2x— IWSS;:-F;
—(6x* —3x)

—-2x+3

—(—2x+1)

2

The constant term 2 has degree 0, and thus the division ends. We may write

5.5 Dividing Polynomials
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6x* —5x+3 2
—  =3x-1+
2x -1 2x -1

Answer: 3x — 1 + ﬁ To check that this result is correct, we multiply as follows:

quotient X divisor + remainder = 3x—-1)2x—-1) + 2
=6x"—-3x—-2x+1+ 2
=6x" —5x+3 =dividend v

Occasionally, some of the powers of the variables appear to be missing within a
polynomial. This can lead to errors when lining up like terms. Therefore, when first
learning how to divide polynomials using long division, fill in the missing terms
with zero coefficients, called placeholders™.

27x3+64

Example 7: Divide: ———.

Solution: Notice that the binomial in the numerator does not have terms with
degree 2 or 1. The division is simplified if we rewrite the expression with
placeholders:

275> +64 =27x* +0x* +0x + 64

Set up polynomial long division:

9
3x + 4)27x3 +0x*> +0x + 64

33. Terms with zero coefficients
used to fill in all missing
exponents within a polynomial.
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We begin with 27x® + 3x = 9x? and work the rest of the division algorithm.

9x* -12x+16
3x + 4) 27x° +0x> +0x + 64
- (27x* +36x7)
-36x*+ Ox+64
~ (-36x* - 48x)
48x + 64
—(48x +64)
0
Answer: 9x2 — 12x + 16
Example 8: Divide: 3x4_2§f§ii§23x—7
Solution:
l’)

x2 —2x+5>3x4 23 + 652 +23x-7

Begin the process by dividing the leading terms to determine the leading term of
the quotient 3x* + x? = 3x?. Take care to distribute and line up the like terms.
Continue the process until the remainder has a degree less than 2.
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3x° + 4x —1
x° —2x+5>3x4 —2x* +6x* +23x—7

—(3x* —6x’ +15x%)

45 —9x* +23x-7
— @4x> —8x +20x)

—x"+ 3x-7
—(=x*+ 2x-5)

x—2

The remainder is x — 2. Write the answer with the remainder:

3x* -2x7 +6x7 +23x -7 ) x-2
= =3x" +4x-1+—
X =2x+5 X =2x+5

x—2

Answer: 3x? + 4x — 1 + —
x2=2x+5

Polynomial long division takes time and practice to master. Work lots of problems
and remember that you may check your answers by multiplying the quotient by the
divisor (and adding the remainder if present) to obtain the dividend.

20x*—32x3+7x2+8x—10
5x=3 :

Try this! Divide:

7
S5x-3

Answer: dx3 —4x? —x+ 1 —

Video Solution

(click to see video)

5.5 Dividing Polynomials 851


http://www.youtube.com/v/INqE4vZoUd8

Chapter 5 Polynomials and Their Operations

5.5 Dividing Polynomials

Dividing Polynomial Functions

We may use function notation to indicate division as follows:

)

Division of functions: (f/g) x) = 0

The quotient of two polynomial functions does not necessarily have a domain of all
real numbers. The values for x that make the function in the denominator 0 are
restricted from the domain. This will be discussed in more detail at a later time. For
now, assume all functions in the denominator are nonzero.

Example 9: Calculate: (f/g) (x)givenf (x) = 6x° — 36x* + 12x> — 6x2 and
g (x) = —6x2.

Solution: The notation indicates that we should divide:

19 (=LY

g(x)
_6x7 =36x" +12x° —6x7
- —6x°
6 _36)c4 + 12x° 3 6x°

=12+ 6x? =27 + 17

=—xX +6x*=2x+1

Answer: (f/g) (x) = —x3 +6x2 —2x + 1

Example 10: Calculate: (f/g) (=1) givenf (x) = =3x> + 7x> — 11x — 1 and
gx)=3x-1.

Solution: First, determine (f/ g) (x).
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5.5 Dividing Polynomials

S(x)  =3x+7x" -11x-1
g(x) 3x-1

(f/8)(x)=

—x2+2x -3
3x—1)—3x3 +7x% —11x—1

— (=3x +x%)
6x*—11x—1
—(6x* - 2%)
—9x-1
—(-9x +3)
-4
Therefore,
(f/g)@) =-x>+2x-3- 4
3x-1
Substitute -1 for the variable x.
4
/ —D===D*+2(-)-3-
(/) (D=~ +2AD=3-5 =
=—1-2-3- )
=3+1
_ 52
-2
=—6+2
=—4

Answer: (f/g) (-1 =-4
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KEY TAKEAWAYS

¢« When dividing by a monomial, divide all terms in the numerator by the
monomial and then simplify each term. To simplify each term, divide
the coefficients and apply the quotient rule for exponents.

¢« When dividing a polynomial by another polynomial, apply the division
algorithm.

« To check the answer after dividing, multiply the divisor by the quotient
and add the remainder (if necessary) to obtain the dividend.

« It is a good practice to include placeholders when performing
polynomial long division.
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TOPIC EXERCISES

Part A: Dividing by a Monomial
Divide.

81y>
9y2

36y°
9y3

52x2y
4xy

24xy’
2xy4

25x2y°73
Sxyz

¢ T7x*y%7

© 22x3y3z
12543 b%¢
—10abc

36a%b> 3
—6a2b2c3

Ox24+27x=3
3

10x3 —5x2+40x—15
: 5

10

20x3—10x2+30x

11 2x

10x*+8x2—6x

 —7
v 5_043
13. 6x°—9x°+3x
—3x
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36a'2 —64° +124°

14. T
—12x°+18x3—6x2

15.

> —6x2
10,8 5_n1,3

16. 49a°+7a’ —21a

7a?

Ox7—6x*+12x3—x?
3x2

17.

8x%+16x7 —24x*+8x3
—8y3

18.

164’ =32a°+20a° —a*
4

19.

5a°+2a° +64° —124°
3a?

20.

—4x2y3+16x7y% —8x2y>

21.
—4x2y3

100a'°5° ¢5 —50a2° b° ¢ +204° b 10
10a°b° 5

78

23. Find the quotient of —36x 9y7 and 2x 8y5 .
24. Find the quotient of 144x 3y 1072 and —12x 3y5z.
25. Find the quotient of 3a* — 184> 4 27a* and 3d”.

26. Find the quotient of 64a”bc® — 164’ be’ and 4a®bc’ .
Pare BL Dividing by a Polyriomial

Divide.

27. (2x* —=5x = 3) + (x = 3)

28. (3x2 +5x—2) +(x+2)
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5.5 Dividing Polynomials

29

30

31.

878

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

(6x? + 11x+3) + Bx+ 1)
(8x2 —14x+3) + 2x - 3)

x3—x2-2x—12

x—3

2x3+11x2+4x=5

x+5

2x3—x2—4x+3

2x+3

—15x3—14x2423x—6

S5x—2

14x%—9x3+22x %2 +4x—1

Tx—1

8x +16x*—8x3—5x2-21x+10

2x+5

x248x+17

x+5

2x2—5x+35

x—2

6x2—13x+9

—2x+1

—12x24x+1

3x+2

X3 4+9x2+19x+1

x+4

2x3—13x2+17x—11

x—5

9x3—12x2+16x—15

3x—2

3x*—8x3+5x2—5x+9

x—2
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5.5 Dividing Polynomials

45

46

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

J(6x° — 13x* +4x? —=3x2 +13x—-2) < (3x + 1)

(8x% —22x* 4+ 19x% —20x2 +23x —3) + (2x — 3)

Sxd+12x 4 +12x3 =7x 2 —19x+3

X242x4+3

6x°—17x*+5x3+16x2—7x—3
2x2-3x—1

X247 x*=x3=7 x2—49 x+9
x24Tx—1

Sx0—6x*—4x2+x+2
5x2—1

x3=27
x—3

8x3+125
2x+5

x2—=2x343x—1
x—1

x*=3x2+45x—13
x+2

60. ——

(15x° — 9x* — 20x? + 12x? + 15x — 9) + (5x — 3)

(2x® —5x° —4x* +10x? + 6x? — 17x + 5) + (2x - 5)
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5.5 Dividing Polynomials

X 4xt+6x3+12x2-4
x24x—1

61.

50x°—=30x°—5x*+15 x3—=5x+1
Sx2—3x+2

62.

5x%—15x34+25x2-5

63. 5y
—36x6+12x*—6x2
4,
6 6x2
- 150x°y271% —10x3y67° +4x3y27*

10x3y2z5

27mO+9m* —81m2+1
2

66. om

67. Divide 3x% — 2x° + 27x* — 18x% — 6x2 + 7x — 10 by
3x —2.

68. Divide 8x© + 4x° — 14x* — 5x3 +x2 —2x — 3by2x + 1.
Part C: Dividing Polynomial Functions

Calculate (f/g) (x), given the functions.

69.f (x) = 40x® and g (x) = 10x°

70.f (x) = 54x° and g (x) = 9x3

71.f (x) = 12x> 4 24x — 15 andg (x) = 2x + 5

72.f (x) = —=8x% +30x — 7 and g (x) = 2x — 7

73.f(x) = 18x> —=36x+ S andg(x) =3x -5

74.f (x) = =7x> +29x — 6 and g (x) = 7x — 1

75.f (x) = 10x3 —9x2 +27x — 10 and g (x) = 5x — 2
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5.5 Dividing Polynomials

76.f (x) = 15x3 +28x% — 11x + 56 and g (x) = 3x + 8

77.f (x) = 2x* 4+ 5x3 — 11x? — 19x + 20 and
g)=x>+x-5

78.f (x) = 4x* — 12x3 — 20x2 4 26x — 3 and
gx)=2x2+2x -3

Givenf (x) = 6x3 +4x> —11x+3 and g (x) = 3x — 1, find the
following.

Givenf (x) = 5x> — 13x2 + 7x + 3 and g (x) = x — 2, find the
following.

Part D: Discussion Board Topics

87. How do you use the distributive property when dividing a polynomial by
a monomial?

88. Compare long division of real numbers with polynomial long division.
Provide an example of each.
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1: 9y3

3:13x

5:5xy4 72

7: — % @b

9:3x% +9x — 1
11:10x2 — 5x + 15

13: 2x4 +3x2 — 1
15:2x3 — 3x + 1
17:3x° — 2x2 + 4x — %
19:40° — 8> + 5a —
21: —4x3y> + 2y% + 1
23: —18xy?

25:a% —6a + 9
27:2x + 1

29:2x + 3
3:x2 +2x+ 4
33:x2 —2x + 1

35:2x° —x%2 +3x+ 1

ANSWERS

861



Chapter 5 Polynomials and Their Operations

) 2
32 x+ 3+ —=

O — 4
3:=3x+5+

) _ 5
41: x° + S5x 1+XJr4

32 — S
43:3x° = 2x+ 4 —

7

Avd 2.3 2 .
45: 2x 5x° + 3x 2x+ 5 =

47:5x3 + 2x2 = Tx + 1

x3 — 2z
49:X° =T+ ——=—

51:x2 4+ 3x+9

53:3x* —4x? +3

ssx +x3 —x2 —x+2+ x+]
57:.a — 2

5000 +d" +d@ +@ +a+ 1

61: x5 + Tx + 5 + =

x24x—1
63:x% —3x2 + 5x — %

2

L 1842,10 _ 4
65: 15x°7 A =

67:x° +9x3 —2x+ 1 — 38
x—2

69: (f/g) (x) = 4x3
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5.6 Negative Exponents

n

34.x77 = % ,given any integer

n, where x is nonzero.

LEARNING OBJECTIVES

1. Simplify expressions with negative integer exponents.
2. Work with scientific notation.

Negative Exponents

In this section, we define what it means to have negative integer exponents. We
begin with the following equivalent fractions:

L)
g 32

Notice that 4, 8, and 32 are all powers of 2. Hence we can write 4 = 228 =2° and

32 =27,

1.

1 4 2
2° 8

32 25

If the exponent of the term in the denominator is larger than the exponent of the
term in the numerator, then the application of the quotient rule for exponents
results in a negative exponent. In this case, we have the following:

L=l=i=2_2=22-5=2‘3
20 8 32 2

We conclude that 273 = 21—3 This is true in general and leads to the definition of

negative exponents’’. Given any integer n and x # 0, then

_ 1
x"=—n
X

864



Chapter 5 Polynomials and Their Operations

5.6 Negative Exponents

Here x # 0 because %is undefined. For clarity, in this section, assume all variables
are nonzero.

Simplifying expressions with negative exponents requires that we rewrite the
expression with positive exponents.

Example 1: Simplify: 1072,

Solution:
1
107 =—
10°
_ L
100
Answer: ﬁ
Example 2: Simplify: (—3) 7.
Solution:
-1 1
(_3) = 1

Answer: — %
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Example 3: Simplify: #

Solution:

Il
-
s “<

Answer: y3

At this point we highlight two very important examples,

Simplify (2)c)_l Simplify 2x™
P p—— 25 =2.L1
(2x) X

_1 -2

2% x

If the grouped quantity is raised to a negative exponent, then apply the definition
and write the entire grouped quantity in the denominator. If there is no grouping,
then apply the definition only to the base preceding the exponent.

Example 4: Simplify: (2ab)_3.

Solution: First, apply the definition of -3 as an exponent and then apply the power
of a product rule.
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(2ab) T = ( : % Apply the negative exponent.
2ab
= 231—3173 Apply the power rule for a product.
a
1
8a°h’
Answer: WX

Example 5: Simplify: (—?))cy3 )_2.

Solution:
(3n’) =
(—3xy°)
B 1
=
=3)" x* (")
1
9x2y6
Answer: L
9x2y6

Example 6: Simplify: ;—j

Solution:
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35.

X

-n

y—m -

m

xn

given any integers

m and n, where X # 0 and
y # 0.

5.6 Negative Exponents

L
AR

y
Answer: —
=

The previous example suggests a property of quotients with negative
exponents”. If given any integers m and n, where x # 0 and y # 0, then

In other words, negative exponents in the numerator can be written as positive
exponents in the denominator, and negative exponents in the denominator can be
written as positive exponents in the numerator.

—2x *5y3
772

Example 7: Simplify:

Solution: Take care with the coefficient -2; recognize that this is the base and that

the exponent is actually +1: =2 = (—2). Hence the rules of negative exponents do
not apply to this coefficient; leave it in the numerator.

-2x7y’ _=2x7 ¥
-2 - -2
2 z

~ 2y} 22

3
X

_2y3z2
Answer: ———
P
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Example 8: Simplify:

Solution: Apply the power of a product rule before applying negative exponents.

(—3x _4)_3
T'

3x) 676 B

-2

¥

Y

3) "

-2

Answer: — >

Example 9: Simplify:

Solution:

5.6 Negative Exponents

(36)”

(=2y~'23)

e

Apply the product to a power rule.

Power rule

Negative exponents
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(3 NGOl
— = - —~ - Product to a power rule
2y72) D)) (2)
_ 377
(_2)*2 y2 276
2’2’ |
= W Negative exponents
_ 4z°
81x*y*

Power rule

6

Z
Answer: ———
81x8y2

(5x%)’

xSy=3°

Example 10: Simplify:

Solution: First, apply the power of a product rule and then the quotient rule.

5 x93
(SiC5 )/_)3 _ 53_)566{/33 _5° x6-(—5) y3_(_3) _ 53x6+5y3+3 _ 125)6“)/6
Xy Xy

Answer: 125x 11y

To summarize, we have the following rules for negative integer exponents with
nonzero bases:

Negative exponents: X = —
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Quotients with negative exponents: = —

(—5xy*3)_2

Try this! Simplify: 5154—)’74'
10

125x6

Answer:

Video Solution

(click to see video)
Scientific Notation

Real numbers expressed in scientific notation®® have the form

ax10"

where n is an integer and 1 < a < 10. This form is particularly useful when the
numbers are very large or very small. For example,

9,460,000,000,000,000m = 9.46x10°m  One light year
0.000000000025m =2.5x10™""m  Radius of a hydrogen atom

It is cumbersome to write all the zeros in both of these cases. Scientific notation is
an alternative, compact representation of these numbers. The factor 10" indicates
the power of 10 to multiply the coefficient by to convert back to decimal form:

15 zeros
5

9.46x10" =9.46 x1,000,000,000,000,000 = 9,460,000,000,000,000

36. Real numbers expressed in the
forma X 10", where nis an
integerand | < a < 10,
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This is equivalent to moving the decimal in the coefficient fifteen places to the
right. A negative exponent indicates that the number is very small:

25%10" =2.5x -~ 2> = 0.000000000025
10 100,000,000,000
11zeros

This is equivalent to moving the decimal in the coefficient eleven places to the left.

Converting a decimal number to scientific notation involves moving the decimal as
well. Consider all of the equivalent forms of 0.00563 with factors of 10 that follow:

0.00563 =0.0563x10™"
=0.563x107
=5.63x10"
=56.3x10""
=563x107

While all of these are equal, 5.63 X 1072 is the only form considered to be
expressed in scientific notation. This is because the coefficient 5.63 is between 1 and

10 as required by the definition. Notice that we can convert 5.63 X 107> back to
decimal form, as a check, by moving the decimal to the left three places.

Example 11: Write 1,075,000,000,000 using scientific notation.

Solution: Here we count twelve decimal places to the left of the decimal point to
obtain the number 1.075.

1,075,000,000,000 =1.075x10"

Answer: 1.075 x 10'?
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Example 12: Write 0.000003045 using scientific notation.

Solution: Here we count six decimal places to the right to obtain 3.045.

0.000003045 = 3.045x10™°

Answer: 3.045 x 1076

Often we will need to perform operations when using numbers in scientific
notation. All the rules of exponents developed so far also apply to numbers in
scientific notation.

Example 13: Multiply: (4.36 X 10_5) (5.3 X 1012)

Solution: Use the fact that multiplication is commutative and apply the product
rule for exponents.

(4.36x107°)(5.30x10") =(4.36-5.30)x(107 -10")

= 23108 x 107"
=2.3108x10"x 10’
=2.3108x10"7
=2.3108%10°

Answer: 2.3108 x 10%
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Example 14: Divide: (3.24 X 10°) + (9.0x 107°)

Solution:

(3.24x10) _(3.24)) ( 10°

(9.0x107) 9.0 10
=0.36 x 1057
=0.36 x 10*
=3.6x107"x10"

=3.6x107"""
=3.6x10"

Answer: 3.6 x 10'°

Example 15: The speed of light is approximately 6.7 x 108 miles per hour. Express
this speed in miles per second.

Solution: A unit analysis indicates that we must divide the number by 3,600.

6.7x10° mph

_6.7x10 miles (1 hetir (1 minmtes
1 W 60 W 60 seconds

_ 6.7%x10° miles
3600 seconds

_ 6.7 < 10°

3600
~0.0019%10° Rounded to two significant digits
=1.9%x107 x10°

=1.9%1073*®
=1.9%x10°
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Answer: The speed of light is approximately 1.9 X 10° miles per second.

Example 16: By what factor is the radius of the sun larger than the radius of earth?

6,300,000m = 6.3x10°m Radius of Earth
700,000,000m = 7.0x10*m Radlius of the Sun

Solution: We want to find the number that when multiplied times the radius of
earth equals the radius of the sun.

©® —— Approx. size of Earth

Source: NASA and European
Space Agency, from
http://solarsystem.nasa.gov,
multimedia/
display.cfm?IM_ID=188.

n-radius of the Earth = radius of the Sun
" radius of the Sun
radius of the Earth

Therefore,

5.6 Negative Exponents
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e 7.0x10° m
6.3x10° m
7.0 10°

= —X—-
6.3 10°
~1.1x10%°
=1.1x10?
=110

Answer: The radius of the sun is approximately 110 times that of earth.

Try this! Divide: (6.75 x 107*) + (9 x 107'7)
Answer: 7.5 x 10

Video Solution

(click to see video)

KEY TAKEAWAYS

« Expressions with negative exponents in the numerator can be rewritten
as expressions with positive exponents in the denominator.

« Expressions with negative exponents in the denominator can be
rewritten as expressions with positive exponents in the numerator.

« Take care to distinguish negative coefficients from negative exponents.

« Scientific notation is particularly useful when working with numbers
that are very large or very small.
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TOPIC EXERCISES

Part A: Negative Exponents

Simplify. (Assume variables are nonzero.)

w
T
~J
~
L
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5.6 Negative Exponents

15.

16.

17.

18.

19.

20.

21,

78

23.

24.

25.

26.

27

28

29

30

(ab)”

1
(ab)™!

_5x—3y2Z—4
372x3y=32

3x‘4y2 -2x‘1y3
—-102b* - 2a8p1°
.(2a‘3)_2
.(—3x2)_1

(5@b7c)”

.(71’3’5_5t)_3
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5.6 Negative Exponents

31

32

33

35.

41.

42.

43.

44,

(~2Ps%3) !

. (2xy_3Z2) -

. (—5a2 b3 )4
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45, (x") 72

The value in dollars of a new MP3 player can be estimated by using the formula
V =100(t + 1)_1 , where t is the number of years after purchase.

47. How much was the MP3 player worth new?

48. How much will the MP3 player be worth in 1 year?

49. How much will the MP3 player be worth in 4 years?

50. How much will the MP3 player be worth in 9 years?

51. How much will the MP3 player be worth in 99 years?

52. According to the formula, will the MP3 ever be worthless? Explain.
Part B: Scientific Notation

Convert to a decimal number.

53.9.3 x 10°

54.1.004 x 10*
55.6.08 x 1010
56.3.042 % 107
57.4.01 X 1077
58.1.0 x 10710

50.9.9 X 1073
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60.7.0011 x 107>

Rewrite using scientific notation.
61. 500,000,000

62. 407,300,000,000,000

63. 9,740,000

64. 100,230

65. 0.0000123

66.0.000012
67.0.000000010034

68. 0.99071

Perform the indicated operations.

69. (3 10%) (9% 10%)
70 (8 x107%) (2% 107"%)
7. (2.1x107") (3.0 x 10%)

72.(432x107) (1.50 x 107'%)

-9

8, 9.12><1010
3.2x10

9

74, 1.15><1E)11

2.3%x10

1.004x1078

75. —————
2.008%10
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3.276x10%
5.2x101

77.59,000,000,000,000 x 0.000032
78.0.0000000000432 x 0.0000000000673
79. 1,030,000,000,000,000,000 + 2,000,000
80. 6,045,000,000,000,000 + 0.00000005

81. The population density of earth refers to the number of people per
square mile of land area. If the total land area on earth is 5.751 X 107

square miles and the population in 2007 was estimated to be 6.67 X 10°
people, then calculate the population density of earth at that time.

82. In 2008 the population of New York City was estimated to be 8.364
million people. The total land area is 305 square miles. Calculate the
population density of New York City.

83. The mass of earth is 5.97 X 10%* kilograms and the mass of the moon

is 7.35 x 10?2 kilograms. By what factor is the mass of earth greater than
the mass of the moon?

84. The mass of the sun is 1.99 x 10%° kilograms and the mass of earth is

5.97 x 10%* kilograms. By what factor is the mass of the sun greater than
the mass of earth? Express your answer in scientific notation.

85. The radius of the sun is 4.322 X 10° miles and the average distance

from earth to the moon is 2.392 X 10° miles. By what factor is the radius
of the sun larger than the average distance from earth to the moon?

86. One light year, 9.461 X 10 15 meters, is the distance that light travels
in a vacuum in one year. If the distance to the nearest star to our sun,

Proxima Centauri, is estimated to be 3.991 X 1010 meters, then calculate
the number of years it would take light to travel that distance.

87. It is estimated that there are about 1 million ants per person on the
planet. If the world population was estimated to be 6.67 billion people in
2007, then estimate the world ant population at that time.
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88. The sun moves around the center of the galaxy in a nearly circular orbit.
The distance from the center of our galaxy to the sun is approximately
26,000 light years. What is the circumference of the orbit of the sun around
the galaxy in meters?

89. Water weighs approximately 18 grams per mole. If one mole is about

6 x 103 molecules, then approximate the weight of each molecule of
water.

90. A gigabyte is 1 X 10° bytes and a megabyte is 1 X 106 bytes. If the
average song in the MP3 format consumes about 4.5 megabytes of storage,
then how many songs will fit on a 4-gigabyte memory card?
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ANSWERS

1
1.5

1
3: 7

5: 8

11: —
138 —=

15:y

175 =

19:

21: —

23 ==

25. —

278 ==

29:

31: — —
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5.6 Negative Exponents

3 =0

35: —

37:

39:

41: ——=

43:

45:

47:
49:
51:
53:
55:
57:

59:
61:
63:
65:1.23 X 107>

67:1.0034 x 1078

$100

$20

$1
9,300,000,000
60,800,000,000
0.000000401

0.0099
5% 108

9.74 x 10°
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69:2.7 % 101
71:6.3 x 10711
73:2.85 x 10717
75:5 X 107
77:1.888 x 10°

79:5.15 x 10!

81: About 116 people per square mile
83:81.2
85:1.807

87:6.67 X 1015 ants

89:3 x 10723 grams
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REVIEW EXERCISES

Rules of Exponents

Simplify.

.73 . 7°
3.y° - y? -y’
4)63)/2 xy3

()

()
0.—5x3y%(22) - 24 (»?) 2
10. (—25x%y3z) ’

11. Each side of a square measures 5X 2 units. Find the area of the square in
terms of x.

12. Each side of a cube measures 2> units. Find the volume of the cube in
terms of x.

Introduction to Polynomials
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Classify the given polynomial as a monomial, binomial, or trinomial and state the
degree.

13.8a° — 1
14.5y% —y + 1
15. —12ab*
16.10

Write the following polynomials in standard form.
17.7 — x? — 5x

18.5x2 — 1 — 3x + 2x3

Evaluate.

19.2x% — x + 1, wherex = =3

zo.lx— El where x = %

2 4’

2 _ 1 _ _ 3
21.b —4aC,wherea——E,b——?),andC——E
2. 0% — bz,wherea =R— %andb = — %

23.@ — b wherea = —2andb = —1

24.xy% — 2x2y,wherex = =3 andy = —1
25.Givenf (x) = 3x2 — 5x + 2, find f (=2).
26.Given g (x) = x> —x2 + x — 1,find g (—1).

27. The surface area of a rectangular solid is given by the formula
SA = 2lw + 2wh + 2lh ,where I, w, and h represent the length, width,

and height, respectively. If the length of a rectangular solid measures 2

5.7 Review Exercises and Sample Exam
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units, the width measures 3 units, and the height measures 5 units, then
calculate the surface area.

28. The surface area of a sphere is given by the formula SA = 477 , where
r represents the radius of the sphere. If a sphere has a radius of 5 units, then
calculate the surface area.

Adding and Subtracting Polynomials

Perform the operations.

20.3x —4) + (9x — 1)
w0 (Lx=b)+ (Fx+ 1)
31. (7x2 =x+9) + (x? —5x+6)
32. (6x%y — 5xy* —3) + (—2x%y +3xy? + 1)
33. (4y+7) — (6y—2) + (10y—1)

: 5y2—3y+1)— (8y2+6y—11)

39, Subtract 2x — 1 from9x + §.
40. Subtract 3x2 — 10x — 2 from5x% + x — 5.

41.Givenf (x) = 3x%2 —x+ 5S5andg (x) = x> — 9, find

(f +¢&) .
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42.Givenf (x) = 3x%2 —x+ Sandg (x) = x% — 9, find
(f —g) .

43. Givenf (x) = 3x2 —x+5 and g (x) = x% =9, find
(f +g) (-2).

44.Givenf (x) = 3x%2 —x+ 5S5andg (x) = x> — 9, find
(f — g) (<2).

Multiplying Polynomials
Multiply.

45612 (=5x*)

16.3ab* (7d?b)

47.2y (5y — 12)

48.—3x (3x% —x + 2)
19.x2y (2x2y — 5xy2 +2)
s0.—4ab (&> — 8ab + b*)
51.(x — 8) (x+5)

52.(2y —5) (2y +5)
53.(3x — 1)?

54.(3x — 1)°

55.(2x — 1) (5x2 = 3x+ 1)
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56. (x2 + 3) (x3 —2x — 1)
2
57. (5y+7)

2
58. (y2 — 1)
59. Find the product of x> — 1 andx? + 1.

60. Find the product of% xzy and 10x — 30y + 2 .
61.Givenf (x) = 7x — 2 and g (x) = x> = 3x + 1,find (f - g) (0.
62.Givenf (x) = x — 5 and g (x) = x? = 9,find (f - g) (x).

63.Givenf (x) = 7x —2 and g (x) = x2 = 3x+1,find

(f-8) (=D

64.Givenf (x) = x — 5 and g (x) = x* = 9,find (f - g) (=1).
Dividing Polynomials

Divide.

Ty2—14y+28
ST

12x° —30x 3 +6x

66 o

4a®b—16ab’>—4ab
—4ab

67.

6a° —24a* +54%

68 3L

69. (10x? — 19x + 6) + (2x — 3)

70. (2x3 — 5 +5x—6) = (x=2)
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71

72.
73.
74.
75.
76.
77.
78.
79.Givenf (x) = x® —4x + L and g (x) = x — 1, find (f/g) (x).

80. Given f (x) = x> — 32 and g (x) = x — 2, find (f/g

8

[ury

10x*=21x3-16x2423x-20
2x—5

Emon =28 trolh =D AIS 6

x—6

10x3—55x24+72x—4
2x—T7

3x*+19x34+3x2—16x—11
3x+1

Sx*+4x3 —5x2421x+21

Sx+4
x4—4
x—4
2x*+10x3-23x2—15x+30

2x2-3

Tx*=17x3+17x%2=11x+2
x2=2x+1

)
(

(x).

Givenf (x) = x> —4x + 1andg (x) = x — 1, find f/g) 2).

82.Givenf (x) = x> — 32 and g (x) = x — 2, find (f/g) (0).

Negative Exponents

Simplify.

83.(—10)~2

84, —1072

85.5x 3

5.7 Review Exercises and Sample Exam
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86. (5x) -

1
Ty=3

87.

88.

89.

9. (=5x2yz ") _2

_ -3
91. (—2x 3y0z2)
—1
( —10a° b3 2 )
’ 5ab*c2

-3
213,—4 .0

93, (ab__§>
2a*b™>¢

The value in dollars of a new laptop computer can be estimated by using the formula

V =1200(t + 1)_1 , Where t represents the number of years after the
purchase.

9

N

94. Estimate the value of the laptop when it is 1% years old.
95. What was the laptop worth new?

Rewrite using scientific notation.

96. 2,030,000,000

97.0.00000004011

Perform the indicated operations.

9. (52 % 10%) (1.8x1077)
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9.(9.2x107*) (6.3 x 10%)

4x10'0

100. =
8x10

9x10~3°

101.
4x10710

102. 5,000,000,000,000 x 0.0000023

103. 0.0003/120,000,000,000,000
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SAMPLE EXAM

Simplify.

1. —5x3 (2x2y)

NESS,

4. a. (—5) 0;b. —50

Evaluate.

5.2x2 — x4+ 5, wherex = =5

6. > — bz,wherea =4andb = -3
Perform the operations.
7. (3x2 —4x + 5) + (—7x2 + 9x — 2)
6. (852 — 5x+1) — (

o(3a-3) =

10.2x 2 (2x3 —3x%2 —4x + 5)

10x2 +2x — 1)

SST] )

e+za-5)+ (Fa- )
11. 2x — 3) (x + 5)

12.(x = 1)?

81x3y2z
—3x3yz

13.
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10x° —15x3+5x2
14.
—5x2
3_z.2 _
15.x Sx“+7x—2
x—2
6x*—x3—-13x2—2x—1

16. 1

Simplify.
17.273

18. —5x 2

19. (2x*y~3z) _2

-3
53735 .2
20. (—2" ’fg R )
ab™>c?

21. Subtract 5x2y — 4xy? + 1 from 10x2y — 6xy2 + 2.

22. If each side of a cube measures 4x units, calculate the volume in terms
of x.

23. The height of a projectile in feet is given by the formula

h = —161* + 96t + 10, where t represents time in seconds. Calculate
the height of the projectile at 1% seconds.

24. The cost in dollars of producing custom t-shirts is given by the formula
C = 120 + 3.50x , where x represents the number of t-shirts produced.
The revenue generated by selling the t-shirts for $6.50 each is given by the
formula R = 6.50x , where x represents the number of t-shirts sold.

a. Find a formula for the profit. (profit = revenue - cost)

b. Use the formula to calculate the profit from producing and selling 150 t-
shirts.
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25. The total volume of water in earth’s oceans, seas, and bays is estimated
tobe4.73 X 10" cubic feet. By what factor is the volume of the moon,

7.76 % 10%° cubic feet, larger than the volume of earth’s oceans? Round
to the nearest tenth.
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REVIEW EXERCISES ANSWERS

1:79

3:y10

5: =30 b3 3

94 b8
T 4

9: —10x7y%77
11:A = 25x%

13: Binomial; degree 3
15: Monomial; degree 3
17: —x2 — Sx + 7
19: 22

21:6

23: -7

25:f(—2) = 24

27: 62 square units
29:12x = 5

31:8x2 — 6x + 15
33:8y + 8

35:x2y2 — 5xy + 7
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37:x° — x4 —x3 +x24+x-6
39: 7x + 9

41:(f+g) (x) =4x> —x—4

a3:(f +g) (-2) = 14

45: —30x6

47:10y? — 24y

19:2x4y? — 5x3y3 + 2x2y

51:x2 — 3x — 40

53:9x2 — 6x + 1

55:10x3 — 11x2 4+ 5x — 1

57:25y2 4+ 70y + 49

50:x% — 1

61: (f . g) (x) = Tx3 = 23x% + 13x -2

63: (f - g) (=1) = —45

65:y% — 2y + 4
67: —a + 4b + 1
69: 5x — 2

71:5x3 +2x2 = 3x + 4

G 3
73: 5x 10x+ 1+ =
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1

e
75: X x+5+5x+4

77:x% + 5x — 10

79: (f/g) ) =x2+x-3- x_%

81: (f/g) (2) =1

1

83: T00

85 —

&75 =

89: ——

X
1 — =
o 876

93: 8a°h° 3

95: $1,200
97:4.011 x 1078
99:5.796 % 10"
101:2.25 x 107%°

103:2.5 x 10~18
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SAMPLE EXAM ANSWERS

1: —10x°y
3:4x2y>

5: 60

7:—4x2 + 5x + 3
w23
11:2x2 + 7x — 15

13: —27x %y

15:x2 —3x+ 1

1
17: 3

6

Yy
19: ——~
4x872

21:5x%y — 2xy? + 1
23: 118 feet

25:16.4
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